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Abstract

A new approach 1is presented to the problem of finding a
global (i.e. absolute) minimizer of a function of several real
variables, and some of its mathematical properties are investi-
gated.

The approach is based on the idea of following the solution
trajectories of a stochastic differential equation inspired by
statistical mechanics.

We~ also describe a complete algorithm (SIGMA) based on the
above approach, which looks for a point of global minimum by mo-
nitoring the values of the function to be minimized along a num-
ber of simultaneously-evolving trajectories generated by a new
(stochastic) scheme for the numerical integration of the sto-
chastic differential equation.

Finally’we'describeﬂ%he software package SIGMA which imple-
ments the above algorithm in a portable subset of the A.N.S. FOR
TRAN IV language, a number of carefully selected test ©problems
designed for testing the software for global optimization, and
the results of testing SIGMA on the above problems, and on a
problem of theoretical chemistry.

The main conclusion 1is that the performance of SIGMA is
very good, even on some very hard problems.

Keywords ,

Global optimization

Stochastic differential equations

- Numerical Analysis N

Mathematical software

Algorithm analysis, certification and testing .

.........................
.........................

..........

.......

LI X ]



- iii -
i Table of Contents

- Introduction pag.
- The proposed method for global optimization "
-~ The algorithm SIGMA "
-~ The software package SIGMA "
Test problems "
- Numerical testing "

- Application to a problem in theoretical chemistry "

® N o bd W NN
1
O O W 3 N o e

, -~ Conclusions "

o
l,- l‘, ¥ »
.

-';:::'
P




Bth s » -
IS I gt o e et s C anC AL i p e U A E S uir G AR A S e S P

- 1iv -

List of appendices

Al Global optimization and stochastic differential equations,
by F. Aluffi-Pentini, V. Parisi, and F. Zirilli (to appear
in Journal of Optimization Theory and Applications, sept. 1985).

A2 Asymptotic eigenvalue degeneracy for a class of one-dimen-
sional Fokker-Planck operators, by A. Angeletti, C. Casta-
gnari, F. Zirilli (to appear in Journal of Mathematical
Physics).

A3 Test problems for global optimization software,by F. Aluf-
fi-Pentini, V. Parisi, F. Zirilli (submitted to ACM Tran-
sactions on Mathematical Software).

A4 A global optimization algorithm using stochastic differen-
tial equations, by F. Aluffi-Pentini, V. Parisi, F. Zirilli
(submitted to ACM Transactions on Mathematical Software).

AS Algorithm SIGMA. A stochastic-integration global minimiza-
tion algorithm, by F. Aluffi-Pentini, V. Parisi, F. Z2iril-
1i (submitted to ACM Transaction on Mathematical Software).

A6 The FORTRAN package SIGMA.

A7 Ricerca di conformazioni di minima energia potenziale in-
tramolecolare mediante un nuovo metodo di minimizzazione
globale (Search for minimum-intramolecular-potential pat-
terns by means of a new method for global minimization),
by €. Tosi, R. Pavani, R. Fusco, F. Aluffi-Pentini, V. Pa-
risi, F. Zirilli (to appear (in italian) in Rendiconti del-
1'Accademia Nazionale dei Lincei).

B e IR

o - . - L. . LR S - - .-t ° - - . ’.. - .'-",,'.‘."

.. P . R S AT T S . Tt "
R L I O O Py e T R N . RN TR et T e e
PRSI AT L W AL ) G AU S 0, W GUP L WP SR WO RRIRNTI TR S WA - " P -




YT TAY e Y

CY

1. Introduction

This 1is the final report on the work done from December
1981 to December 1984, under contract n. DAJA 37-81-C-0740 awar-

ded to Universita di Camerino, Italy, on the research project

"Numerical Optimization'", by the principal investigator France-

sco Zirilli and his co-workers.

The objective of the research was to develop a new method
for global optimization, founded on a stochastic differential equa
tion obtained by means of a time-dependent stochastic perturba-
tion of an ordinary differential equation.

This included working on the mathematical foundations of
the method, and building up a robust numerical algorithm for glo
bal optimization.

The research has produced:

- The development of a robust numerical algorithm for global op-
timization, the algorithm SIGMA.

- Studies on the mathematical foundations of the method.

- An extensively tested and well-performing FORTRAN implementa-
tion of the algorithm, the software package SIGMA.

-~ The development of a set of carefully selected problems to be
used for testing global optimization software.

- Two FORTRAN subroutines implementing the above set of test
problems.

- A successful application of the algorithm to a problem in theo
retical chemistry.

The research has also stimulated scientific contacts with
several italian and foreign scholars.

The results of the research have been disseminated by means
of
- Six research papers submitted to high-standard professional

or academic journals (three of them already accepted for pu-
blication).

- Short communications on the work in progress in national and
international scientific meetings in Rome, Bonn, Milan, Bo-
logna.

- Seminars at the University of L'Aquila, University of Salerno,
Rice University (Houston, Texas), and Fondazione Donegani,
Milan.
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I 2. The proposed method for global cptimization

jJ We consider the problem of finding a global minimizer of

i a given real-valued funct.on f of N real variables X ,X,,...,X,
il i.e. the point x* = (x*,...,xﬁ) in the N-dimensional real eucli-
dean space R such that f attains at x* a global for "absolute")
. minimum, defined by

(1) £(x*) ¢ £(x) for all  x = (Xg,...,xy)¢ R"

We assume that the function f is sufficiently regular, that
its minimizers are isolated and non-degenerate, and that (for
reasons that will become clear later)

!‘ (2) lim f(ﬁ) = 4+ ®
Hx I~ =
in such a way that
- (3) {IRN exp(-2f(_>_<_)/ez) dx < + = |

: for all real ¢ # O.

w The interest of the global optimization problem both in ma-
thematics and in many applications 1s well known and will not
u be discussed here.

We want Jjust to remark here that the root-finding problem
for the system 5(5) = 0, where g:ﬂgq*ZRN can be formulated as a
global optimization problem considering the function
e F(x) = Hg(5>”§, where |||, is the euclidean norm in IR
i Despite its importance and the efforts of many researchers
T the global optimization problem is still rather open and there
is a need for methods with solid mathematical foundation and
good numerical performance.

Much more satisfactory is the situation for the problem of
finding the local minimizers of f, where a large body of theore-
tical and numerical results exists.

Ordinary differential equations have been used in the study
;» of the local optimization problem or of the root finding problem by
- several authors. The above methods usually obtain the local mi-
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nimizers or roots by following the trajectories of suitable or-
dinary differential equations. N
The simplest example is the first-order '"steepest descent"
l equation

. ax

' (4) EE = - Vf({)

‘ where VI is the gradient of the function f to be minimized.

I However, since the property of being a global minimizer is
a global one, that is, depends on the behaviour of f at each
point of IR, and the methods that follow a trajectory of an or-
dinary differential equation are 1local, that is, they depend .
only on the behaviour of f along the trajectory, there is no 5
hope of building a completely satisfactory method for global
optimization based on ordinary differential equations.

The situation is different if we consider a suitable sto-
chastic perturbation of an ordinary differential equation.

If we perturb the steepest-descent differential equation
(4) by adding a '"white-noise" term, we are led to consider the
(Ito) stochastic «ifferential equation

(5) dg = -Vf(g) dt + e dw

where f is the gradient of the function f to be minimized, w(t)
is a standard N-dimensional Wiener process ('"Brownian motion"),
and € is a real "noise" coefficient.

Such equation is known as the Smoluchowski-Kramers equation,
and can be considered as a singular limit of the second-order
Langevin equation, when the inertial (i.e. second=-order) term
is neglected.

The Smoluchowski-Kramers equation has been extensively used
by solid-state physicists and chemists to study physical pheno-
mena such as atomic diffusion in crystals or chemical reactions.

In these applications eq. (5) represents diffusion across
potential barriers under the stochastic forces edw, where

=(§EI)¥ T is the absolute temperature, Kk the_holtzmann con-
stant, m a suitable mass coefficient, and f is the potential
energy.

The use of the above equation is suggested by the behaviour,
for constant ¢, of the stochastic process g(t), solution of the
equation starting from an initial point Xp-

It is well known that the probability density function

v, vz,.‘.....
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pe(x,t) of the (random) value at time t of the solution process
tends, as t - = (1f condition (3) holds), to a limit "equili-
brium" density

B . ~(2/ M) (x)

(8) p_(x) = Ai e =
where A_ is a normalization constant.

The equilibrium density is independent of the starting point
X and 1s peaked at *the global minimizers of f, with narrower
peaks if ¢ 1s smaller.

In physical terms this indicates a greater concentration
of particles at lower temperatures around the global minima of
the potential energy.

Moreover in the limit e + O the equilibrium density becomes
a weighted sum of Dirac's deltas concentrated at the global mi-
nimizers of f.

In order to obtain the global minimizers of f as asympto-
tic values as t » = of a sample trajectory of a suitable
stochas*ic differential equation it seems natural to try to
perform the limit t * = and the limit € > O together. We the-
refore consider the equation (5) with time-varying e, that is

(7) dg = -vf(g)dt + e(t)dw

with initial condition

(8) £(0) = x4

where

(9) lim e(t) = O.
£ e

PRI | _FIPIRITN , JRRPRny,

In physical terms condition (9) means that the temperature
T 13 decreased to absolute zero when t » =, that is, the system .
is "frozen'.

Since we want to end up in a global minimizer of f, that %
is, a global minimizer of the (potential) energy, the system has R
*0 be frozen very slowly (adiabatically). N

Several mathematical questions related to the solutions cf f
eqs. (%) and (7), such as the way in which pr(ﬁ,t) approaches - 4
p (x) for a class of one-dimensional systems1 or the rate at ”
which =(t' should go to O in eqg. (9), are considered in Appen-
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dices 1 and 2.

The method we propose looks for a global minimizer of f by
monitoring the values of f along a number of simultaneously-
evolving numerical solution trajectories of the Cauchy problem
(7), (8), which are generated by a new (stochastic) numerical-
integration scheme.

3. The algorithm SIGMA

A global minimizer of f(x) is sought by monitoring the va-
lues of f(x) along trajectories generated by a suitable discre-
tization of the stochastic differential equation

dg = -vf(g)dt + e(t)aw
with initial condition:

0) =
£(0) = x,
where Vvf is the gradient of f, w(t) is an N-dimensional stan-
dard Wiener process, and the "noise coefficient" e(t) is a po-
sitive function. The discretization has the form

%
v
- _ =0,1,2,...
Spe1 T &~ () + () (h u s k =0,1,2,
= X
50 T X
1

where h 1s the time integration steplength, = z(g ) is computed
as a finite-differences approximation to the directional deri-
vative of f in a randomly chosen direction, and u is a random
sample from an N~-dimensional standard gaussian distribution.

We consider the simultaneous evolution of a number N of

trajecteories during an '"observation period" having the dggé%ion
of a given number NHP of the time integration steps, and within
which the noise coefficient e(t) of each trajectory is kept at
a constant value Ep’ while the steplength h

K and the spatial in-




Clearly p;l 15 the probability density of a random variable
<0 that 7 it) - ¢ in law when t - ¢, Let us remark that p;°
Joes not depend on the initial condition X..

We want to study the behaviour of p;J as =, - 0 and the rate

ot appreach or p to p&: as t - =, We will consider for the sake

21 simplicity onlv the one-dimensional cuse when f is as in Fig. 1,

t.v. with three extrema at the points x_ - x. - x_, decreasing in
©, % oand ix ,x,r and increasing in (x_,x. ) and (x_,+~), with
Doal == a3 xo s - in such a way to satisty (11) for all . # U.
#AC e
H e
ot ot i,
N X ) = A=A =y
N X T axt )
inc the rullowing notation
R oo_df |
Lot \‘_1 L+ d..\‘(‘\"'
Jt
3 = N = e N
_ \< L‘ nl,\ l _)
\‘13x
R c. o= - —{( X
f = -7 0 M, = f - £, 00

ctoLs casy o to rrove the tollowing result.

Cropesition J.i. Lot f be oas above and let ¢, ¢, ¢ be greater than

f T and coosuch that o i) 2 Ix-a b+ IR
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Let gL°(t) be the stochastic process solution of (5), (6); for

any Borel set A c R' we define
PY0(0,x,,t,A,) = P{EO(t) ¢ A} (7)

€
where P{-} is the probability of {-}, and P °(0,x ,t,A) is the tran-
sition probability of €€°(t). Under regularity assumptions for f we

have

PE"((),xo,t,A) = [ po(0,x,,t,x) dx (8)
A

where the transition probability density p = pLO(U,xU,t,x) satisfiles

the following Fokker-Planck equation:

3 2 .

S% = Cz Ap + div (VE p) (9)
with

lim p£°(0,x0,t,x) = §(x - xo) (10)

t->0

where & and  div  are the laplacian and the divergence with respect to
x and () is the Dirac delta function.

Let A be defined by

g

¢

1A = f T gy < w (11)
“o ngl

then as t » o the transition probability density pED(O,xo,t,x) approaches

the function

pLO(U,xU,X) = /\L C-Hf(x)/ta (12)

0
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2. Method i
Let us consider the Cauchy problem ]
dg = -7f(3) dt o+ 2(t) dw (3)
2{0) = x_ (1)

tor the (Ito) stochastic differential equation (3), where FRY - R is

the function to be (globally) minimized, 7f is the gradient of ¢,

V8

w(t) 15 an n-dimensional standardized Wiener process, and «<(t) 15
civen function. We assume that f and < are sufficlently well-behuaved
<0 thet our statements are meaningful; in particular we assume that
lim  f(x) = +o
:i X|i 4 =

and

L0
w\

and that 1 has oniv a finite number of isolated global minimizers.
e propose to nurmerically integrate problem (3), () looking ..t

the asvmptotic value of a =ample numerical trajectory solution to obt

4 clobal alnimizer of UL Let us start by considering the problem (50,

when Sry o= o0 1S a o constant: that s

JdT o= -7 de L el i
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minimizers of f, with narrower peaks if the constant €, is smaller.

The method we propose attempts to obtain a global minimizer of £
by looking at the asymptotic value, as t - «, of a numerically computed
sample trajectory of an equation like (2) where ¢ 1is a function of time
c(t) which tend to zero in a suitablec way as t -» «, Similar ideas in
the context of discrete optimization have been introduced by Kirkpatrick,
Gelatt and Vecchi (Ref. 4).

In Secction 2,we describe our method; in Section 3,we consider the

numerical integration problem; and,in Section 4,we present the results of

numerical experiments on several test problems.
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that is, it Jdepends on the behavior of f on each point of B, and the
methods that follow a trajectory of a system of ordinary differential equa-

tions are local, that is they depend only on the behavior of f along the

trarectory, there is no hope of building a completely satisfactory method
tor clobal optimization based on a system of ordinary differential equa-
ticns. liowever, the situation is different if we consider a suitable sto-
chastic perturbation of a svstem of ordinary differential equations ds we
- now describe.

Let us consider the (Ito) stochastic differential equation
¥ Ji o= ~7f(5)dt + - dw [

where f is the gradient of f and w(t) 1is a standard n-dimensional
Wiener process. When <=c. s a constant, Eq. (2) i1s known as ti..
chowski-Kramers equation (Ref. 3). This equation is a singular limit o .av
Lanzevin's equation when the inertial terms are neglected. The Smoluchew: -
- Kramers equation nas been widely used bv solid state phvsicists and che

to studv phvsical phenomena such as atomic migration in cryvstals or chemic.

/ 2\

. . . 2RT .
reactions, In these applications - =V — where T 1is the absolute
. {

temperature, k the Boltzmann constant, m the reduced mass and {f te
potential energy, so that (2) represents diffusion across potential bar:
under the stochastic forces - -dw.

It is well known that 1f i‘?(t) is the solution process ot (2
ing from an initial point ~., then the probability density function ot

- £(X) /<

toerreacies, ax ot -+, the limit density A ¢ (wherc

- . H

. i< 1 normalization constant). The limit Jdensity is indepeadent of  x

1+ cosed o indicating concentration of “particles™ around the global

N

i
A
K|
A

2 e a4 AW .
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- 1. Introduction

Let R’ be the n-dimensional real Euclidean Space X = (Xy,X5,... ,xn)Te R"
and let fR" >R be a real valued function. In this paper we consider the
ﬂ problem of finding the global minimizers of f, that is the points e K .

such that:
. £(x*) < £(x), vx ¢ R, (1)

A new method to numerically compute the global minimizers of f by follow-
._'}” ing the paths of a system of stochastic differential equations 1is proposed.

This method is motivated by quantum mechanics.

@

The importance of the global optimization problem is clear. For
example, the root finding problem for the system g(x) = 0, where g:IRn SR
. can be formulated as a global optimization problem by considering the func-

tion F(x) =|g(x) |2, where

is the Euclidean norm in K. Despite

NN

its importance and the contributions of many researchers, the situation

with respect to algorithms for the global optimization problem is still un-

: satisfactory and there is a need for methods with a solid mathematical
foundation and good numerical performance. The situation for the problem :

) of finding the local minimizers of f is much more satisfactory and a

5 large body of theoretical and numerical results has been established; see
for example Ref. 1 and the references given therein.

i Ordinary differential cquations have been used in the study of the )

Local optimization problem or of the root finding problem by several authors;

for a review sce Ref. 2. These methods usually approximate the local optimi-

| ] zers or roots by following the trajectories of suitable systems of ordinary

differential equations. lowever, since property (1) is a global property,
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Abstract. Let R" be the n-dimensional real Euelidean space, x =
(X1,X0s coe xn)T ¢ R' and £fR" +R be a real valued function. We
consider the problem of finding the global minimizers of f. A new method
to numerically compute the global minimizers by following the paths of a
system of stochastic differential equations is proposed. This method is
notivated by quantum mechanics. Some numerical experience on a set of

test problems is presented. The method compares favorably with other exist-

ing methods for global optimization.

Key Words: Global optimization, stochastic differential equations.
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APPENDIX Al

Global optimization and stochastic differential equations
by T, Alurfi-Pentini, V. Parisi, and F. Zirilli

(to appear in Journal of Optimization Theory and Applications,
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that the performance of SIGMA is very satisfactory from the
point of view of dependability (only 2 incorrect claims on the
"large'" dynamic range machine when NSUC > 3 and on the '"small"
dynamic range machine when NSUC > 4) and robustness (no overflows
on both machines).

Unfortunately, given the state of the art of mathematical
software for global optimization, it has not been possible to
make conclusive comparisons with other packages.

Finally, we note that a smaller value of NSUC gives a much
cheaper method (less function evaluations) at the expense of a
loss in effectiveness (greater number of failures).

7. Application to a problem in theoretical chemistry

SIGMA has been successfully applied to a problem in theore-
tical chemistry, namely the problem of finding spatial patterns
of minimum intramolecular energy for a particular DNA fragment.
The problem and the results are described in the paper (in ita-
lian) which is enclosed as Appendix 7.

8. Conclusion

A method for global optimization based on stochastic dif-
ferential equations has been proposed, and its mathematical pro-
perties have been investigated.

A complete algorithm has been developed, which is based on
following a number of simultaneously-evolving sample trajecto-
ries generated by a new stochastic scheme for numerically inte-
grating a first-order stochastic differential equation.

The algorithm has been coded in a portable subset of the
FORTRAN IV programming language, and the resulting software has
been experimentally tested on a large set of test problems: 35
out of 37 problems were successfully solved, including some very
difficult ones.

The software package has also been used for solving a pro-
blem in theoretical chemistry.

Working for the project has stimulated a number of scienti-
fic contacts, and the project results have been disseminated in
six research papers for professional or academic journals, and

in a number of seminars and communications to scientific meet-
ings.
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set of test problems, and a paper containing the problem set and
the complete FORTRAN coding of the two subroutines has been sub-
mitted to the ACM Transaction on Mathematical Software (see Ap-~
pendix A3).

A detailed description of the test problems and of the use
of the FORTRAN subroutines is given in Appendix AS3.

6. Numerical testing

SIGMA has been numerically tested on a number of test pro-
blems run on two computers.

The test problems are described in detail in Appendix 3.

The tests were performed on two typical machines of '"large"
and '"small" dynamic range, that is, with 11 and 8 bits for the
exponent (biased or signed) of double precision numbers, and cor
responding dynamic range of about 1O'3°° and 10‘ . The machines
were:

- UNIVAC 1100/82 with EXEC8 operating system and FORTRAN (ASCII)
computer (level 10R1) ("large" dynamic range)

- D.E.C. VAX 11/750 with VMS operating system (vers. 3.0) and
FORTRAN compiler (vers. 3) ('"small" dynamic range).

Operating conditions for the tests, and detailed results
are reported in Appendix 4.

Table 1 reports summarized data concerning the effective-
ness, dependability and robustness -~ in the form of total num-
bers of correctly claimed successes, correctly claimed failures,
incorrect success or failure claims and total number of over-

flows - for the two machines end for different values of Ngyo (sect. 3).

The SIGMA package seems to perform quite well on the propo-
sed test problems.

As it is shown in Annex 3 some of the test problems are ve-
ry hard; for example, Problem 28 (N = 10) has a single global
minimizer and a number of local minimizers of order 10'' in the
region |x. | ¢ 10 i =1,2,...,10.

Table 1 shows that from the point of view of the effective-
ness as measured by the number of correctly claimed successes
the performance of SIGMA is very satisfactory; moreover, it is
remarkably machine independent (note that completely different
pseudo-random numbers sequences are generated by the algorithm
on the two test machines). The results of Table 1 also suggest

.......

.....
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o 4. The software package SIGMA

- The software package SIGMA is a set of FORTRAN subprograms,
using double-precision floating-point arithmetics, which attempts
to find a global minimizer of a real-valued function of N real
-ﬁ variables, by means of the algorithm SIGMA, which is described
- in sect. 3 and in Annex A4.
*ff The package consists of a principal subroutine SIGMA, a set
™ of 34 auxiliary subroutines and functions, and an "easy-to-use"
driver SIGMAl which can be used to call SIGMA.
j} All the coding is written in FORTRAN IV and meets the spe-
- cifications of PFORT, a portable subset of A.N.S. FORTRAN.
N The SIGMA package contains a total of about 1900 statements
- (including some 700 comment lines). This amounts on the ASCII
' FORTRAN compiler (with optimization option) of the UNIVAC EXECS8
" operating system to a storage requirement of about 4000 (36-bit)
words for the instructions, about 3500 words for the data, and
g about 14,000 words for the COMMON area. The requirement for the
array dimensions are 4N 36-bit words.
The SIGMA package and its usage are described in full de-

tail in Annex A5; the complete 1listing of the FORTRAN code is
in Annex A6.

5. Test problems
Since the early phases of the project the need arose of ex-

perimentally testing the preliminary versions of the algorithm,
in order to detect possible weak points or to compare the perfor

» mance of alternative design choices. Experimental testing of an
. algorithm is usually performed by running its software implemen-
- tation on a number of test problems: and therefore a collection
?; of test problems naturally began to build up during project de-

T velopment, including problems specially conceived for the pro-
f' ject needs by the present authors, and problems reported in the
9 literature.
By the end of the project a final collection of 37 test pro
- blems was available: it was coded in the form of two FORTRAN
subroutines, and was used for the final testing of the final ver-
sion of the algorithm (sec. 6).

It was felt that the collection could be useful to the
scientific community as a first attempt to provide a standard
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crement Ax,_ for computing E(E ) are automatically adjusted for
each trajectory by the algorithm.

At the end of every observation period a comparison is made
between the trajectories: one of the trajectories is discarded,
all other trajectories are naturally continued in the next ob-
servation period, and one of them is selected for "branching",
that is for generating also a second continuation trajectory
which differs from the first one only in the starting values for
€p and Ax. , and is considered as having the same '"past history"
of the first.

The number NTRAJ of simultaneously evolving trajectories
remains therefore unaffected, and the second continuation trajec
tory takes the place, from a program-implementation point of
view, of the discarded trajectory.

The set of simultaneous trajectories is considered as a sin
gle trial, and the complete algorithm is a set of repeated
trials. A single trial is stopped, at the end of an observation
period, if a maximum given number Npmax of observation periods
has been reached, or if all the final wvalues of f(ﬁ) (except for
the discarded trajectory) are equal (within numerical tolerances,
and possibly at different points 5) to their minimum value ﬁHWHN
("uniform stop" at the level fTFMIN)' In the former case the
trial is considered unsuccessful, while in the latter case a com
parison is made between the common final function value fTFMIN
and the current best minimum function value fgopy found so far
from algorithm start: if fopmiy 2 fopr the trial is again consji
dered unsuccesful,; and if fTFMIN = fOPT (within numerical tole-
rances) the trial is considered successful at the level fOPT'

The trials are repeated with different operating conditions
(initial point Xg maximum trial length Npyaxs seed of the noise

generator, policy for selecting the starting value for e in
the second continuation trajectory after branching, and trial-
start values for ¢ ) and the complete algorithm is stopped - at

the end of a trialp— if a given number NSUC of uniform stops at
the current fopp level has been obtained, or if a given maximum
number Npgppap, ©f trials has been reached: success of the algo-
rithm is claimed if at least one uniform stop occurred at the
final value of fgop7.

A detailed description of the algorithm is given in Appen-
dix AS.
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lim pi° (O,xo,x) = §(x - x) (13)

~ _’O
t‘()

(i1) if Af_ =Af and 3 a >0 such that f(x) > a{x-x )2+f_ Vx x

A
0
and  f(x) 2 a(x-x,) + f, W 2 X, then
lim ni° (0,xp,¥) = v §(x-x_) + (1-y)8(x-x,) (14)
€ >0

Q

where v = (1 + /(c_/c) )"
where the limits (13), (14) are taken in the distribution sense. Proposition

2.1 1s casy to prove using the Taylor formula for { around x_, x,.
Remark 2.1. Proposition 2.1 shows that as €, = 0, the asymptotic probability
density approaches a Dirac delta function concentrated on the global minimizer
when there is a unique global minimizer (Af_ > A{ ), or approuches a linear
combination of Dirac delta functions concentrated on the global minimizers

(Af_ = Af ). The coefficients of the linear combination depend on the curva-
turc of { at the global minimizers. These statements have a clear meaning

in terms of gi°. Finally, Proposition 2.1 can be easily generalized to a

wider class of functions f{.

Proposition 2.2, Under the previous hypotheses for {, Matkowsky and Schuss

[ €
studied, Ref. 5., the rate of convergence of p ° to pw° as t >« by look-

ing at the eigenvalues of the Fokker-Planck operator

€ 2
g =0 3 0) .3 Wl
L, = et &)

€

We note that p_°

is an eigenfunction with eigenvalue zero of L€ ,
0

E *
so that the rate of approach to pw° is determined by the next eigenvalue

kl(eo) of l.C . Matkowsky and Shuss obtained for A;(g,) the following
0
asymptotic expression as ¢, - 0:

2 +
Mgy ™ - = ¢ *o (15)

..........
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So that roughly speaking we can lmagine:

5 z {f t -
polU,x ,t,x) =p.° + exp| | Al(eo)ds] p (16)
. )

!

‘0
where p 1is an cigenfunction corresponding to 1.
When f(x) 1is a fourth order polynomial with two minimizers, a
complete analysis ot the spectrum of L60 in the limit £, -~ 0 has
been given by Angeletti, Castagnari, Zirilli in Ref. 6.

Remark 2.2, Since ~,{(<,) =0 as =z, -0 from (16) we see that the rate
of approach to pi“ became slower when ¢, became smaller. On the other
hand from (12) we see that pic becomes more and more concentrated around
the global optimizers as <, goes to zero.

Let us go back now te (3), (4) when € = e(t) 1is a given function
of t and let £(t) be the solution of (3), (4). Let P(0,x,,t,8) be
the transition probability of £(t) and p(0,x,,t,x) the corresponding
probability density. Under regularitv assumptions for f, the probability

density p satisfies the following Fokker-Planck equation:

%% =Y 2p + div (7 p) (1
1im p0,x,,t,x) = “(x - x,) (18)
2

In order to compute the global optimizers of f by following the paths
of (3), 4) we would like to show that

m

. - *

Lim ptt,x,,t,xl = o (x - xi) {(19)

o i=:
p *
where o are positive constants such that ) v, =1 and X
1 h b
i=
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i=1,2,3, ..., mn are the global minimizers of f.
The previous analysis of the correpsonding problem with €(t) = ¢,

suggests that in order to have (19) we need

—
""‘-.-!

-~
& ‘.'
——

1im €(t) = 0 (20)

10

LA |
-"'r‘
[ .'.
LA S

and, as suggested by (16), we must require that

»
284
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where Af, 1is the highest barrier to the global minimizers. We note that

vov e e 0y
.

L te
-

in order to satisfy (21) e€(t) must go to zero very slowly. :i

The problem of giving a mathematically rigorous foundation to our ..
method by proving (19) will be considered elsewhere. Based on the heuris- o
tic conditions (20), (21) we will consider now the problem of how to inte- .‘ !

grate numerically (3), (4) in order to obtain a global minimizer of f. e
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2. Numerical Integration of (3), ()

In the previous sections we have proposed to obtain the global
minimiZers ot f by tollowing the paths defined by (3), (4) under suit-
able assumptions tor -(t) when t — », We want to consider here the
preblem of how to compute numerically these paths keeping in mind that
we are not really interested in the paths, but only in thelr asymptotic
vidlues.

The algorithm we proposc here is only preliminary and further
study 13 needed; however, as we will see in Section 4 even the present

algorithm gives good numerical results on several test problems.

k-:
fet -t, -0, t, = Y at. {(t, =0), k=0,1, ..., ; we dis-
I n i;3 1 ’

cretize (3), (4) using the Euler-Cauchv method, that is a(tk) is

dpproximited by "X solution of the following finite difference equations:

I - 7 = _\ . - - : R , s
“k+ Tk th 7f(vk) + '(tk)(“k+l hk) (22)

- = fnw
'),) - X]- ("‘))

sSince for stability reasons Ltk will be chosen rather small and since
condition (2!) implies that . (t) =should ¢o to zero very slowly in order
to roach the aswvmptotic values of the paths of (3), (4) we expect that a
Taree nwiber of time integration steps (22) will be needed.

let v be an n-dimensional random vector of length | uniformly Jdis-

vritated onothe on-1) -dimensional sphere: then for any given non-random

n . A . .
vector v R, its proifection <v,r> roalong r o is swh that

~a ™

v

< Emmaw » &1

2 S A
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where  E(e) is the expected value and <-+,«> is the Euclidean inner pro-
duct in R™. This suggests that in order to save numerical work (i.e. func-

tions evaluatlons) we may substitute to Vf({k] in eq. (22) the expression
n < Vf(ék), r>r (24)

where n < Vf(ék), r > r, the directional derivative in the direction r,
may be further approximated by finite differences with some mesh size Axk.

When forward differences are used n+l  function evaluations are
needed to approximate - Vf while only 2 function evaluations are needed to
approximate the directional derivative. Finally, some heuristic algorithms
are used to choose Aty and AX,  to avoid instabilities. Condition (21)
suggests that €(t) should go to zero very slowly as t goes to infinity
so that computing a single path of (3), (4), choosing €(t) as required by
(21) and following this path for a long enough period of time to obtain a
global minimizer does not seem very efficient.

We have considered this alternative strategy:

(1) N paths of (3), (4) are computed (N > 1; N =7 in the numerical
experience shown in section 4) with the algorithm described before,
and €(t) 1s kept constuant.

(11) f is computed along the paths and used as a merit functions. After
a number of steps of numerical integration the N computed paths are
compared. The "worst' path is discarded, the numerical integration
is continued after splitting onc of the remaining N-1 paths into two
paths.

The new path has a different value of €(t) = constant; €(t) 1is

usually decreased, occasionally it can be increased if the paths

C e e v e
DL L S )



- ~ T T T W W v wow
L i —y Pl g i e g AN o ¢ i aiie ge A i SaltaliCAal - fad N v
ey R LU oo " i st S iR et s g - LR iA

.
3
.

dre stuck in a local minimizer as detected by looking at the
previously computed values of f. .

(1il) repeat step (ii).
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4. Test Problems and Numerical Experience

t*"‘- The algorithm described in section 2 and 3 has been tested on a

L set of test problems., The first cighteen test problems have been taken
i from the literature, and were proposed as a set of problems to test global
[ optinization methods by Levy and Montalvo, Ref. 7.

éi We shall make use of the penalization function

t : k(x-a)") x> a,

h u(x,a,k,m) = 0, -a € x<a,

".- k(x+a)")1 x < -a,

The test problems are:

Problem 1. Coldstein's Function. TLet f(x) = x® - 15x* + 27x* + 250; the

f function { has three minima:

E X = -3, £x) = 7,

_ x =0, f(x) = 250,

: x = 3, f(x) =7.

::n The minimizer x = %3 arc the global minimizers of f.
S

Problem 2. Penalized Shubert Function. lLet g,(x) = ) i cos ((i*l)x+1);

1=1

the function g, 1s the Shubert function. We define the penalized Shubert

function {(x) as follows:

|
YT

f(x) =g, (x) + u(x,10,100,2),

This fwiction has 19 minima in the region {x| |x| < 10} and three of

them are global ones and they are located at:

‘.
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. X = -T.0T0831, x o= -1.42512, x = 4,.85805.

o Problem 5. [wo-dimenstional Penalized Shubert Function. Let

- S Vs . )
i tix,vy = sobeost(irlx+lt o1 Cos".(i+l),\'+ﬂ}
S i= 1= '

+ u(x,10,100,2) + u(v,10,100,2

the tunction ¢ has 760 miniad, (18 of them are global minima) in the

rearon c{x.y) o oox. 10, v~ L0},

o “roblem 4. Two-dimensional Penalized Shubert Function = = 0.3,

Lcous: (1+l)x+l"
: !

N
. ‘. |
1 Cosl t\1+l)_v+U !

-

TN,V

[T )

‘
L

1
- -

= + oU(x+1.42513) 7 + (y+0.80032) %}

+ uix,10,100,2) + u(v,10,100,2

|3

.

b

E._' where =5 oand (-1LEI515, -0.80032) is g point where the function
! rowith oo 0 has aoclobal minimizer.

p this function has roughly the sume behaviour of the function considered 1in
L

N problam 5 out has a unique global minimizer at (-1.42513, -0.80032) where

o the function f is cqual to -186.7309.

Probplem -, Iwo-dimensional Fenalized Shubert Function = 1. The function

£ is the ene civen in problem 4 with & = 1,

..,..l
@

. Jeoblen oL Camel Tunction. Let £ be given bv

o

. o . N
';-: O I e A SR S G S R B

il EWt e s b o anaa, twe ot them are clobal minuma and are located
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Problems 7-9 are obtained from the following formula:
T n-1 )
g,(x) = Ukysin®my) + J [(y;-A,)*(I+k,sin® wy, ) + (v -A;)%])

1=1

(25)

x ), y.

where x = (x,,x .o
(1) 2> ’ n i

=1+ (x-1)/4 i=1,2, ...,n,
k, = 10 A, = 1.
In the region @ = {x ¢ R] -10 < x; 10 1=1,2, ... ,n} the func-

tion (25) has roughly 5" local minimizers and a unique global minimizer

located at

We penalize the function (25) as follows:

f(x) = g,(x) + .El u(xi,10,100,4) (26)
i=
Problem 7. The function f(x) 1is given by (26) with n = 2,
Problem 8. The function f{(x) 1is given by (26) with n = 3.
Problem 8. The function f(x) is given by (26) with n = 4.

Problems 10-12 are obtained from the following formula:

n-1
g,(x) == {kysin’me + 121 (x;-A) P (1+kysin®mx, )+ (x -A;) )
(27)
where k3=]0,A3=1 and x = &wa ,xJT
In the region Q = {x cﬂgw - 10<x, €10 i=1,2, ..., n} the function

(27) has roughly 10" local minimizers and a unique global minimizer at x; =1

= 1,2, ..., n. We penalize the function (27) as follows:
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tix) =g, (x) *

Problem 10. The

Problem 11. The

Problem 1.2. The

1o

=]

I oulx,10,100,4) (28)
iz :

s

function t{x) 1s civen by {28) with n =

w
.

function {(x}) is viven bv (28) with n = 8,

function ft(x) Ls g¢iven by (28) with n = 10.

Problems 13-1% are obtained from the following for-
mula:
n" -~ -
JOIXT = noosin K ox. o+ ix: -AL) T{ItkesinTTl x: L)
S o “ 2 " i+
1=1
(29)
+ (x_-A i (l+k. sin€ x )}
X : Xy
where k= .1, k. =1, A =1, £ =3, £ =2,
N . . n, . - .
in the region - = ix - R - 10« X <10 i=1,2, ..., n} the functicn
S .
C2U s rouehilv A0

i B

In the region

Sl roucihly |l

locul minimlzers and a4 unique global minimizer at X; o1

= ix - R -5<x.<5 1=1,2,...,n} the function

- .
57 Tecal minimizers and a unique ¢lobal minimizer at

S | T O A We penalize the tunction 120) as follows:
n
Yix) = ¢ o(x) + uix.,10,100,4H) {30
L=1 L
or
n
Vool N m ou, 5,100,043 (=1
1=1 '
Troplem T30 The functien fIng o oas oowven by (30) with o ono= 2L
cohpe b e Tnerion i i osnven by 1 30) with on o= 3.
.« . _ ‘: .“"-\_
L T <

LDt B,

e
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Problem 15. The function f(x) 1is given by (30) with n = 4.
Problem 16. The function f(x) 1s given by (31) with n = 5.
Problem 17. The function f(x) 1is given by (31) with n = 6.
Problem 18. The function f(x) 1is given by (31) with n = 7.

The problem:s 19-22 have been created by the third

author.

4 2
Problem 19. et f(x) = ér - %T + 0.1 x, the function [ has two minima -

one for positive x and one for negative x. The one for ncgative x is

the globual one.

x* X2 ,2
Problem 20, Let f(x,y) = T T 0.1 x + ;r , the function f has two

min ima (xl,O), (xz,U) where X, ,x, are the minimizers of the function of -

PR
A

Problem 19. The minimizer with the negative x corresponds to the global

minimizer,

e
" L, A
J0l

l
"

T TOIY LENEACNE AL AN
: . L L N PRSPR]
. L ; .’.'l.4 o
: . ? T 1
mla i ata ki lat o AP &

Problem 21. Let f(x,y) = 0.5 x> + .5 (1 - cos 2x) +y*, the function f

has several local minima and the global minimizer 1s the origin.

Problem 22. Let n > 0 and [(x,y) = 10"x? + y? - (x%+y2)2 + 10" (x2+y?)",
the function f has a local minimum at the origin and two global minimizers

on the y axis.

J

5 4
Problem 23, Let f(x) = {.Z ixi] where x = (x, ..., xs)t the func-
i=1

tion f(x) has a unigque minimizer at x = 0 where the function is not

ve e e e e
(A .
v .
PP S R
' S u T e
N S ST B ]

differentiable, moreover the hessian of f(x) 1is not defined at x = 0 and

. . LI I 4
PR I B
’ Ty 4 T \' . . €
LRI 3 PR S SR TR

is not positive definite in a neighborhood of x = 0,

P . - ST - R A . Tt . I D et SN [ IO e
D L - - .- . - L Lt . e « AT A . RN ‘™ o .
~ W e . PR I . .- L. - . . ST T N T I S -
- . 2T . - - et -

o - - [ Lt . ST, e, P
S PR PR A - LT e e Wt el . e e AN DA AN T i L
G W S el P WP, S LN L. . e P S U S PN PR Ui G PR Gy Uy Uy S Y PG W T PP U W PR W Y
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The remaining problem 24 has teen suggested bv S. Wolff, Ref. 8. ;‘
Problem 2. Let
£0x,v) = -F(x,y) + u(x,10°,100,2) + u(y,10%,100,2)
T .(i'x 1-2. Xi-x <.
where Flx,vr = 17 [+ - ) R T € v J]71
i=2 ’ /
the data points Xp o0y are civen by:
X 1219 1371 1377 1134 1201 1225 1244
- 0 0 0 L L 1 1
i
“« PRSI T 1325 1351 13%6 1370 1390
! ! 1 1 1 1 1
i
X el }
and Mx) o= QO tr/e it
"o vor
‘he tunction  ©/x,v) has an absolute minimizer at (1523.2, 277.5) and a
spurious relative minimizer due to the penalization at (-6607.3, —10“1).
The numerical results obtained are shown in Table 1.
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TABLE 1
Problem NEL Whether a global N2 whether a global Remarks
minimizer has miniwizer has
been found been found

1 3,184 Yes 7,168 Yes

2 26,893 Yes 77,099 Yes

3 3,218 No 241,215 Yes

4 8,755 Yes 70,894 Yes

5 97,701 Yes 183,819 Yes

0 5,393 Yes 10,822 Yes

7 84,782 Yes 159,549 Yes

8 19,041 Yes 72,851 Yes

9 18,942 Yes 49,690 Yes

10 18,433 Yes 72,220 Yes

11 4,322 No 130,001 Yes
12 49,701 Yes V8,985 Yes

13 9,492 Yes 23,770 Yes

L4 19,114 Yes 60,010 Yes

15 35,139 Yes 122,106 Yes

10 53,398 Yes 60,305 Yes

17 15,534 Yes V8,974 Yes

18 16,542 Yes 109,886 Yes

19 6,751 Yes 16,487 Yes
20 3,402 Yes 12,249 Yes
21 10,286 Yes 19,940 Yes
0 1,791 Yes 7,390 Yes n=-m<1
oo 3,037 Yes 4,853 Yes n=-m=2
23] 5,028 Yes 8,235 Yes n=-m=3
22 14,710 Yes 27,859 Yes n=-m=4
22 51,245 Yes 74,194 Yes n=—m=5
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22 L7610 Yes d,04z2, 561 Yes Nn=—m=6
23 15,102 Yes 34,110 Yes
- 18,842 fes oy 512 Yes

(he provgram 1s nun twice on wach problem, the tirst time with a
siven stopping criterion.  NF1ois the number of tfunction cvaluations
fincluding the ones needed to evaluite the gradient! used in this first
run while the result obtained ts shown in colum 3. The second time the
program 1s run with a more stringent stopplng criterion und the columns
4, 0, have the same meaning as columns 2, 3, respectively. All the remain-
ing parameters (initial value ftor ft) ctc. ...) are fixed once and for
all during the runs,

the initial point x. has been chosen as follows:

x, =0 for Problems 1-i=

X, = 1/50 tor Problem 19
x. = (1,0) for Problem 20
x = (-3,0} tor Problem .l

’

v o= 0,1 Yor froblem ZU2

Xo= oot e, oL, o dor Problem 23
o= (-1I50, -1uno) Yor frobiem 4.
for Problome 19-20 and 21 the initial point  x.  has been chosen

Close o a local mnimizer,

he condition awier of the cessian it the solution of Problem 22

Do e LT =T e cheioian L e o lurion oY penlem 23 (s not de-
LAY i . N T .l - - 4 EEN - . - S S~ e N . -
Dineddy s e L At e o by o T DU s Lil=oondit loned; the
COTQUNILTYT I Lo U SR L= Ol Dt e ians ot tRe salnrions,

h o ~ Wt et R
. R . .
h? S Y b P & hu? WP U P PP R Wy W DY

N g P e e e T e LW TR TR T T e T e e e e
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(11) since Ve(y)

1 ( 4c? - Vip*+9e?

is even let us consider only

y > 0, by

explicit computation it 1s easy to obtain the following table:

12?2 -y F v +0e2

30248t +9e2

32

_4{! 2

Te

%uG-ZZzzsz-

_ (4@“"'952) 3/2}

}

-6.eV2

c
i ! 0 '
I A
V) 2
|
{
Vi) o
| ! |
‘ ! !
| ;
o s
P VI(v) 8at - 6e7 5
: |
| |

(4:%49:7) -

o
Javda*+9e 2

|
|
i
‘}

%{(41“+922) +

+ do®/das+9e

—

(where ' means differentiation)

(i) V()

tiv) Vo)

is given by Fig. 3.

TN S IR T Sy

is bounded below bv a constant independent of ¢
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2
1‘1(df25 ) _ deZS ) =

2\ Tdy | dve

(2.20) U, ) ZL t

3be 2.2 6be

= ly?(2ae?y? + ==y +2)? - J(6ac?y? + == y+2¢) =
= a2yt 4 3ab 2lyS + (2 b+2ac)edyt + 3be . y3 o+
/2
+ (CZ-SaEZ)y2 - @Ey -C
V2

In order to understand intuitively the behavior as e » 0 of
the spectrum of H_ when the potential Wg(y) is given by Ve or U,

let us analyze the behavior of Ve and UE when ¢ ~ 0.

Proposition 2.1. Let VE(y) be given by (2.19), then Vc(y) is an
even sixth degree polynomial. There exists €, » 0 such that for

0 << €q°
(i) the equation
v dv.
b —_—— =
(2.21) Iy (y) =0

has five real roots

e,
1( Je? V4 49c2
\

{ 3

(1| =

that is, V. has a local minimizer at y = 0, two global minimizers

" \l/'\
[ —
1 Jo® + v duv+9e 2 | ..
= Lo ' and two local maximizers at
1
i

b
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In this paper we will consider the case when f(x) 1is given

bv

(2.13) t(x) = (x"-1°)*° >0, x€R
or bv

(2.14) E2(X) = x’(ax*+hx+c) x €ER

where =« > 0, a, b, ¢, are real constants and

(2.15) a>0
(2.16) b“-dac < 0
(2.17) 9b%-32ac > 0
(2.18) b <0

Since the spectrum ot H, is 1nvariant with respect to adding
a4 constant to f, to making translation on the x-axis, or to changing
x into -x, f,(x) reprecsents the most general fourth degree polynomial
with two global minimizers (Fig. 1) and f,(x) represents the most
vencral fourth degree polinomial with one global minimizer and one
local minimizer. Let us remark that (2.15), (2.16) implies that
F.(x) 20 ¥x €R, with f,(x) =0 <= x =0, (2.17) implies that

f1(x) = 0 has three real roots 0, x,, X, and that f'"(x) = 0 has

2

two rcal roots, that is x, is a maximizer of f, and x, 1s a
minimizer of t.(x); tinally (2.18) implies that 0 < x, < x, (Fig. 2).

A stratchttorward computation gives:

oo d ey
(2.19) Vioyy = DL T T T
= :4},5 - 1&{: Cyﬂ + (1\[0_3,":)}’.;‘ + _‘.-L;

T
M A
.. LI )
.., e = -

- - - . . > . - >
. et e T, RN "
e et e o aNaT At AT

VAR Y

Tt W S T
A VP

M Eaa ik KoL

R, .
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Let us note that H_  is a Schrodinger hamiltonian. It is easy

to verify that

-fe(y)/z
e Yy ER

M N

(2.8) voy) = ¢

is a solution of (2.5) when X =0, corresponding to Vv,(y) we have
2

(2.9) u, (x) = ct;e"/EZ £(x) X € R

solution of (2.1) when A = 0. Since we would like to interpret u,(x)

as the probability density of a random variable we will assume that

vo %2 £(X)
[ e

(2.10) dx < o Ve # 0
and we will choose
+ @ _ 2
(2.11) c, = [ J' o 7e f(X)dX
so that
+ o
(2.12) ( u, (x)dx =1

Condition (2.12) means that wu (x) € L*@®) this implies that

v,(y) € L’®) where LP@) is the Lebesgue space of index p, so

that it is natural to study the spectrum of H_ in L2@).
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§2. From the Fokker-Plunck cquation to the Schrodinger equation.

Let us consider the eigenvalue problem
(2.1) Lww = u Are €, x€ER

where L 1s given by (1.4).

Let us consider the change of variables

-
(2.2) y o= =X
‘ CoE (/2
(2.3) viy) =¢ ‘*te ~ ui = yg
- L2

where ¢ 15 a nommalization constant and

(2.9) ) = f =y
- - ~v2 4

The eigenvalue problem (Z.1) becomes

(2.3) Hv = -y VEC, vVER
where
3 = d- ,
(2.0} H =- - + h‘(\)
and

i NE

W Vo= L - ———
A NAY
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The interest of one of us (F.Z.) in the study of the asymptotic

behavior of the spectrum of the Fokker-Planck operators arose in the

study of a method for global optimization based on the use of suitable

'E stochastic differential equations [11].

0T (R

In §2 the cigenvalue problem for LE is reduced to an eigen-

value problem for a suitable Schrodinger hamiltonian He. The particu- E
Ii lar Schrodinger hamiltonian obtained when f 1is a fourth degree poly- :

nomial with two minimizers are studied in detail.

In §3 some approximating hamiltonians that will be used later

;; are introduced and studied.
- In §4 all the basic estimates needed to prove our main results
- are proved. K
ii In §5 a theorem concerning the behavior as € » 0 of the dif- :
Ei ference between the resolvent of HE and the resolvent of the approxi-
gz mating hamiltonian is proved.
ii Morcover the asymptotic behavior as € + 0 of the spectrum of
ﬁ;- HE and as a consequence of the spectrum of Le is considered. :
.; In 86 using the Rayleigh-Ritz principle for H_ a particularly E
) sumple asymptotic formula for the first nonzero eigenvalue of LE is y

obtained.

Finally in §7 the case when f 1is given by a general smooth

function is considered formally and some conclusions are drawn.
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where Pr{°? = Probability of {+}, p, (x,xo,t) is the solution of

the Fokker-Planck equation:

o
-~ .
S

2
e
SN

(1.3) -)ltl L (p) XER, t>0

where L (+), the Fokker-Planck operator, 1s given by:

2 a2 ~
N % o) J } f
(1.4 Ls(p)—T %*T{—)(- J x €R
subject to the condition
(1.5) lim p_(x,x,,t) = 8(x-x,)

t+U -
where ¢(+) 1is the Dirac's delta.
The proolem of deriving asymptotic formulas as € - 0 for t
first nonzero eigenvalue of the Fokker-Planck operator has been con-
sidered for a long time both on physical and mathematical grounds. We

refer for reasons of brevity only to the recent paper by Matkowsky and

Schuss [10] where several Fokker-Planck operators including some two-
Jimensional ones are considered.
However, the problem of studving the spectrum of the Fokker- '

Planck operator as < + 0 has received much less attention. In this

paper we restrict our attention to the one-dimensional case when L€ is ;
L
cgiven bv (1.4) and ¢ 1s 4 fourth degree polynomial with two minimizers.
Even in this particular case the resulting problems is an interest-
ine singular perturbation problem tor the ordinarv differential operator
L
e
[
e
-
@
' -.,
& 7
t":.‘.’; I M‘w‘.- ;"\.‘."‘.-.“-‘\“:‘:"l‘ ;‘. ;:;-—-“';;;-:.:-h;i:-;\;.‘;:\‘-‘—}..j
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§1. Introduction

Asymptotic eigenvalue degeneracy due to singular perturbations

is a common phenomenon to many different fields of applied mathematics

R

such as quantum mechanics [1], [2], [3], [4]), [5]. [6], statistical
mechanics and quantum field theorv [7].

In this paper we study the behavior as the diffusion constant i
goes to zcro of the spectrum of a class of one-dimensional Fokker-Plar

operators. The problem considered here can be considered analogous for

the Fokker-Planck equation of the anharmonic oscillator problem for thc
Schrodinger equation studied in [1], [2], [4)}. In particular we will
follow the path of Isaacson in [Z2].

Let us consider the Smoluchowski approximation to Langevin's

equation [8], [9]:
(1.1) dx(t) = -Vf(x(t))dt + ¢ dw(t)

where fR - R 1is a smooth function called potential, R is the real
line, . 1s a real parameter, w(t) 1s a standard one-dimensional
Wiener process. The equation (1.1) 1is an Ito stochastic differential
equation widely used in mathematical physics and engineering whose
solution xr(t) 1s a stochastic process.

The transition probability density pe(x,xo,t) of xe(t) s

detined as:

(1.2) p (x,x ,thdx = P_.x (t) e(x,xﬂu){xzﬂﬂ = X,
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APPENDIX A2

Asymptotic eigenvalue degeneracy for a class of one-dimensional
Fokker-Planck operators
by A. Angeletti, C. Castagnari, F. Zirilli

(to appear in Journal of Mathematical Physics).
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The numerical experience contained in table 1 shows that the present
lmplementation of our method is much more sensitive to ill-conditioning than
to the totul number of local minimizers. This seems to be due to the method
used to numerically integrate the stochastic differential equations. How-
ever, we should remurk that on Problems 10, 11, 12, 16, 17, 18 that have a
very large number of local minimizers the global one is obtained by using a
nunber of function evaluations much smaller than the number of local minimi-
zers.  Our method gives satisfactory results on all the test problems in-
cluding Problem 23 that is not differentiable at the solution. Finally,
we note that given the stochastic nature of the method the amount of work
needed to solve a problem depends on the problem and on the sequence of
random numbers generated during the numerical integration.

We fecel that further work both of mathemutical and numerical charac-

ter must be spent on the ideas presented in this paper.
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Proposition 2.2. Let Ue(y) be the sixth degree polynomial given hv

(2.20). There exists e, > 0 such that for 0< e < €4t

(i) we cuan consider the points

o , VZ 2
v =0, ¥y =Txl) Y, =—E—X2
_ -3b + V9h?-37aC . . df, .. _ .
where Xy,2 = % are such that T (Al,z) =0 il
the points
_ 2 _ 2
T T TR
N _ -3b + V9T 2dac d*f. ., _

where El", = 172 are such that ROl ‘31,2) = 0.

Let us remark that (2.15), (2.16), (2.17) imply that 51’2 are recal
(i.e. 9b¢ - 2dac > 0). Moreover 0 < g, <x, <g,<x, so that

0<n, <y, <n, <y,

(ii) we have

(2.22) U'(y) = 3(f} £ -f11)
(2.23) W) = BCELD? + £hepn] - 3 €8V
where +' means differentiation.

(1i1) by explicit computation from (ii) it is easy to obtain

the following table:
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V2 V2 ’ S V2 02 '
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~
C o~
[
<
~
ey
—
an
.
e
<
~
~
~
o
—
{
~I
-,
o~
[N
<
~
“|
I
™
—~
[N
<
—
il

Jable 2 !

.

det Jd-f
~here o0 o= D Y <, o=y Sty >0, ) ; s o= 0 '
he . LR YY) y €. L TRET (x.) 0. Moreover ¢ SaX, X

{iv) trom Table 2 we can Jdeduce that the equation

Q.

‘ =
\'l'\’

has tive real roots =o that U (y) has three minimizers and two maxi-

vy

o mrIers,

p—
.

T
\

v IE vy s bounded below by g constant  independent of .

- (vig Uy is oedven by Fig, 4,
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From Proposition 2.1 and Fig. 3 it follows that as ¢ ~ 0
Ve(y) approaches three independent harmonic oscillator potentials,
one with vertex at y = 0 and equation 4a‘y? + 20% and two with
vertices at y = ¢ é; o and equations 16a*(y i-éz a)? - 4a?,

Let H_ be given by (2.6) and W_(y) = da'y® + 2u® then

the eigenvalues in (2.5) are given by
2.24) -xél) = 402 (n+1) n=0,1,2, .

the eigenvalues corresponding to the remaining two harmonic oscillators

are
(2.25) 8 = gamn n=0,1,2, ...
(2.26) {7 = 8o n=0,11,2, ...
In section 5 we will prove that the eigenvalues of
- d?
(2.27) M= - Tt Ve(Y) y ER
approache (2.24), (2.25), (2.26) when ¢ -~ 0. In particular we will
show that the first eigenvalue *;, =0 as € + 0 has asymptotically
multiplicity 2 (i.e. A,;(e) - 0 when € » 0) as can be seen from (2.25),
(2.26) when n = 0. Moreover
) im - =) = 402 =
{2.28 }ig A2+4n(L) 4o (2n+1) n=20,1,2

as can be seen from (2.24) and
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(2.29) lim - Ag . (€) = lim - A () = 1lim - (e) = 8a?(n+l)

4+4n

A
) 0 S+4n

0
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N

i

|

1

n=20,1,2, ... f

{

as can be seen from (2.24), (2.25), (2.26). So that MC as € » 0
has eigenvalues with multiplicity one (i.e. the ones coming from (2.28))
and elgenvalues with asymptotic multiplicity three (i.e. the ones caning

trom (2.29)).

From Proposition 2.2 and tig. 4 it follows that as € ~ 0
Uﬁ(y) approaches three independent harmonic oscillator potentials
one with vertex at y =0 and equation c?y? - ¢, one with vertex at ]
y =y, and equation ci(y-yl)2 - ¢, (c;, <0), and one with vertex !
at y =y, and equation ci(y-y,)? - c,.(C,>0).

Let H_ be given by (2.6) and W_(y) c?y? - ¢ then the

eigenvalues in (2.5) are given by

(2.30) -rn(” = (2n+l) ¢ - ¢ n=0,1,2,... (c>0

the cigenvalues corresponding to the remaining two harmonic oscillators

dre
(2.31) -xn(2> = (2n+) [c | - ¢, n=20,1,2, ... (c, <0) ,
(2.32) X @) e, s, n=0,1,2, ... (c, > 0) ]
3
"
In section5 we will prove that the cigenvalues of >
X

€

d2
2.’3 = - e
(2.33) N_ Iz U y €ER F
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i approaches (2.30), (2.31), (2.32) when - - 0. In particular we will

..

e a
s '

show that the first cigenvalue *- =0 as - = 0 has asymptotically

multiplicity 2 (i.c. () =0 when - ~ ). The remalning eigen-

values, since ¢, ¢ , ¢ can be expressed in terms of a, X,,X, as
shown in Proposition 2.2 (1il), have multiplicity one if < I
irrationil, have multiplicity one or three if = is rational.
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§3. The approximating hamiltonians.

Let C:GR) be the space of the infinitely differentiable fumc-
tions of compact support. Let h,:D(h,) < L*@®) » L?@R) denote the
self-adjoint extension of - ég;- and let D(ym) denote the domain of
the self-adjoint multiplication operator ym.

The Schrodinger hamiltonians M_, N_ as operators on L)

pussess the following properties:

Theorem 3.1. For any € €ER with € # 0

(i) M_ is essentially self-adjoint on C®R) and is self-adjoint
on D(hy) n D(y*)

(i1) M6 has compact resolvent

(iii) the eigenvalues of MC are non degenerate

(iv) the eigenfunctions alternate parity and the one corresponding

to the smallest eigenvalue is even.

Proof: See [6] and [12].

Theorem 3.2: For any ¢ ER with € # 0
(1) NE is essentially self-adjoint on C:GR) and is self-adjoint

on D(h) » D(Y®)
(ii) Ne has compact resolvent

(iii)  the eigenvalues of NE are non degenerate.

Proof: See [6] and [12].

°d

r
o
.

L - Lnl‘; 2 )
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Let A, = {yly > ==

and define st as follows:

18
b, A = dy|ivl < %VEE}, A= yly < - 93%6}

2
( {
4o B 0‘3‘/56 i 213 . - Ao when v € Ay
L
3e
v _ Vo 2
e (y) = { 23 -V, + 2a when y EAO
cos?dy
(3.1) [ ‘
1| y + Ots/f . % 1 - 4o? when y € A_
v+ 2B
. 3e
(see Fig. 5)
where
2 2
(5.2 L _ (2 2B) | 2 3;35]
2 ™| 5 ET
R ) T 3¢
{3.3) )
Ly
i Co_ 32 b
(3.4) Vy =5 T_nlgl

The function V,. as € » 0 1is an approximation to V_ in particular 1
[ 8 4
. . . - . 4‘
V.~ approaches three independent harmonic oscillator potentials, one ]
. . . |
with vertex at y = 0 and equation day® + 2¢° and two with vertices -
Lty & . W - \1/2 2 2 :
= at v o= ¢ and equations 160’ (v + — )} - Ja°, .
- 3 B
=
— 1L — .

et O - nl(-;) < -3'—0- y O (o) < 1 with :l

i v
RN S S ISR VR WV, N P VA S R TN I R

PEWESES
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(3.5) lim n () = lim M,(e) = =
e+0 e~0
(3.6) lim en, (e) = lim en,(g) = 0
e-+0 €0

Given ﬁl(a) we choose Fz(e) to be the smallest solution of

(3.7) Ve (7, () = V| 22 - 7,(e)

A straightforward computation shows that (3.7) can be solved and

that n,(¢) should be of the same order of n,(¢) for ¢ ~ 0.

Let
(5.8) 1) = iy €R[T, (&) <y < 22 - 7, (o))
(3.9) 1) =y eR] -¥+ﬁz(s) <y <=7 ()
we define
V, () when y g 1880 v 1{®
(3.10) V) =

Ve (M (e))  when y € I1{) v 1{®

(see Fig. 6)

Note that V . is a continuous function because of equation 3.7y,

and as ¢ -0 V. 1is an approximation to V_ in the same sense as

\LE'
Let us now consider the operators
d2

(3.11) M = e v €ER

a-)—'z- e
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2
(3.12) M) = eV,

we will use them to approximate Me'

The eigenvalue problem for Méz)
(3.13) My =y yER, vEL®)

can be reduced to the following eigenvalues problems:

2
(3.14) M Dy = w y €A, vEL@A)
(3.15) M v = v y €4,, vELXA,)
(3.16) My = y €A, vELYA)

The eigenvalue problems (3.14), (3.15), (3.16) can be solved
explicitly. In fact the eigenvalues and eigenfunctions of (3.14) and

(3.16) are given by [13], [14].

- + a?
(3.17) e T da’[2n+y - 1 n=20,1,2, ...

. o 2y+1 i
(5.19) . = %o (270 #3807 ewatty # 5L 20t 3R )

where Nne is a normalization constant and L; are the generalized

Laguerre polynomials and ®;€ is defined for y > %ﬁg , @;e is defined
y < - ﬁiﬁ and
3e
(3,19) y = —L-w a® + ve
v

The eigenvalues and eigenfunctions of (3.15) are given by [15]:
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(3.20) x;r = 3°[nc + 2(In+1)] + lu n=20a,1, ...
( 1. . n -n 1 . .
| Ccos iy F(S + =, ~, =, fin-2v) when n 1s even )
- " 2 -
3.21 = {
(3.21) i ; o
Sa . N P 1 -1 R LoD
f Cos "Iy finzv F(7 +» ——, ==, =, 2in"vi when n is odd
k - . o -
where F(x:,x:z,X3,2) 1S the hypergeenetric timction and 1s Jderined by
the eguation
- o~ r - 2 o 2 1
(3,22 V, = 8°5(2-1), 1.
The eigenvalues of (3.13) are gilven oy ‘%; ind i

94 G

[a1)

toons oor (30153, (3.16). Morecover since the olzonfunctions of (3.15)

are even cr odd and the eigenvalues cof 73.12) have multiplicity two,

“he 2lgendanction of (30130 can bte chosen o he oven or odd. g
Y ql: [ ]v?)-v - T . s .-< - - . - :
fet C,R - 2f =) =f £ 1s [ and of compact support :

- R . — ._J
L s ; - b . wh oL

Lnd is zora in g oneichborheed ot v o= -—— nd v o= - —=— I. ke have: ]
L. 4
R
.
— N
, - - ¢ - - S - . DI o a0 :‘
o [ A TS ocasentidiLy o 2elt o JRNt Y W\ o ) ]
vy oA atracchtTorear modioioat: Solvanoson T2} Aprendix 2. N
1
)
]

W T L 0 PP NI PP I U A Yt S S-S GHP Ui G e

-

the eigenvalues ~_ have multip

a3 S A approaches the eigenvilues !
the three harmonic oscillaters considered tetfore.

The eigentfunctions of (3.14)

licitv tn Moreover

5 -

(2.25), (2.26)

+

as -
ne xv 6

that <orresponding eigenfuncticns
(v) with zero for v € A,. Similar statements

s ks

PRI dy ( 3€ ) =0
be cbtalned extending

hold for the eigen-
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Mfl) 1s essentially self-adjoint on CTGR).

Theorem 5.4.

pProof. It follows immediately from Theorem 10,23 page 315 of Weidmann

[10].

kY —1""r»‘i = ] 7 - - 3 = vl T -
Let X =y omgd o, Ag = dyi2yyng <y <ongh ) A= vy < 2yp-n)

and define U25 as follows:

[ 2
( 11 -
} %f‘LY‘ﬂz i v, v-n, ] - when y € A,
l B
(3.29) Uy = | Alg Vo -y when y € &,
cos“Z(y-y,

c* 1 1 +
S Ve (vyery) - o -C hen y € A
T v-(l’.vl-n",j PR YA

(see Fig. 7)

where
(3.24) BN = (_\‘z_nz)‘
‘..\2
I 1 2
(5.25) o (2y,-n,)
!
. oy - _ T 1
5 = =
(3.26) g T
2
-y - T o Cl
(3.27) V.= .

Let us remember that v ,v.,n;,n, depend on ¢ (Proposition 2.2). It




96"

BTN
ly - =2 |

(4.57) Vrm < g < 960"

Since equation (3.7) implies that  1lim gl((;% =
(4.50) an’ (4.39) we have

1-351

(4.58) |IfL(y)[ < constant ¢

ly -

when

Reasoning in the same way it can be shown that

1-38,

(4.59) ll-‘l (yv)] € constant ¢

.
Ly o -

when ly + == | <n ().
N :

V2v

11-7,/25 |®

constunt £ 0 {rom (4.55),

This establishes estimate (4.43).

let us prove (4.44). Irom Proposition 2.1 (i) we know that \A/C given
2+ T+ \ L
by (4.27) has three minimizers y =0, y = + %— [ @ * ’/;“ e ) and
12 - T !
two maximizers at oy = ¢ -]L (4“ ',};u“m‘) }z. Morcover
5 '/———* ], -67
. a0 1 fda? - Vadas+9e2) 7} 32
(+.00) l.llI.l C \L(t = [ T } } = 5 ab
t oy
1
R ey -
(4.01) Lim \'(1 b (et + TGRS } l = 4o’ + ¢
L L k D
[Shea®i
and for 0« o« oo
1 . — \'.
N (3¢ - 3+ ) - () N TR (v)
L‘l.()..) :‘( 3 e 11 ] g—( 3 J e IJ
and




S e B — T T T e T T T rafian Sagian st Bak Siute it RSt " I S B Sl AaE et Ay A TS A
[
i
30
- -8,
When |y| <n (g) = ¢ we have

1120 y3-00."cy] <2407 7 (57 4 La?)

(4.52) RERNCYY

and

- . _s . .. .-
2+"2lcos T gy [sindy| (2+sin”3y)

it
|92
t
~
.
(2]
o]
7z

(4.53) V() |

g 246

N

-4137
|cos® (5 5 el Ty
“oay

So that when |y| < a,(s) = ¢ °' from (4.51), (4.52), (4.53) we have

o . 1-30,
(4.54) iPE(,\')l < constant ¢ '
When |y - C‘;' | < f,(c)  we have \'1 (y) = \'ZP_()') 50 using the Tavlor
formula at vy = 2= e have

[

- . \h'j > '"Lv’-j > Fi;” (») 1V7 3
(4.53) F (\v) = 6% 2 = (v - —)_—) - 3y - ) —5 (v - —)
with = an intermediate point in the interval {‘3‘;' , \}

Lo
For |v - av'Z | < f,(z) we have:
‘. E_ 2 - *
(4.50) V)] < 130T 0+ 62070 4 30007 w20y + 120 2t
and




Proof: 'The proof of (4.40) follows from the fact that on JR\(IEE) U Iﬁe))

~

we have V15 =V . The proof of (4.41) follows from the fact that

2%

(4.406) v, >V _ on 1¢) ¢ 1(®
and
4.47) o<V -V )y =1 - e o 1
(.47 T Vet 2e Tie v

2¢€

IEE) u Ige) we have

The proof of (4.42) follows from the fact that on
(4.48) V00 =V (7, () = Vytg?6i, () + 2a% + C

so that since B and V, arc given by (3.3), (3.4) we have

(4.49) ng(Y) > constant ¢ O

(Or U < [ < Loo
lLet us prove (4.43). Let us consider the function
(4.50) Fy) =V -V o)

Using the Taylor's formula at y = 0 we have

)
(4.51) Foly) = 3yt ez Y]

with ¢ an intermediate point in the interval (o,y\
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Definition 4.5. Let P, be the projection on the subspace of the

functions of L?’(R) that have Support on R - U vwhere

)

That is P, 1is the multiplication operator by x ()" Let us now
R-U
choose
< =5 - .5 1
(4.39) n, (€) € 0<8, <%

n,(¢) will remain determined by the equation (3.7).

Theorem 1.6. Let 1, (¢) be given by (4.39) and n,(e) be determined

by (3.7). Then for 0 < ¢ < ¢, we have the following estimates:

(4.40) I ¥,V 0 a-p)l =0
(4.41) VIV, -V, )Pl < constant

(4.42) :|0;;p1” < constant ¢!

(4.43) I (V- )(1-P) | < constant e
(4.:44) ;Vj‘(V;-th)ng < constant

(4.45) ICJ:P.W < constant ¢ O}

where 1 is the identity on L°(R) and || 1is the operator norm

induced by the L° norm.

Uk tylly] <A@ ]ly - 22 ] <m0 o y|ly 952 | <n,(e)}

P Sy

L B s

AL ARSI . SIS

"I
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U e e e St e e e e S RS S i I e
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(4.33) (i +2)? 2 \“Z on SR x C,®
(4.34) (1?121%2)2 2B on B x KM
. ~ 00 76 (o)
(4.35) M2 2B on GR-EED ) CR-=22 ).

where 0¢< T3<1

Proof: It follows from Theorem 4.1 since Qg =V, Qé > Vé and

C >0 and the similar statements for 015’ Vi ?ne, VZE.

Theorem 4.3. There exist Z, >0 and ¢, > 0 such that for =z 2 z,

and 0 <e <., we have:

(4.36) L) ol < 1V Ve ')
- ’\(1) -1 1 Ol °
(4.57) PG Tez) ol <TIV el v e P®

2 - A= - R
(4.38) Lof ol <l Tl welim

Proof: Note that (4.27), (4.28), (4.29) imply 05’ v o 92€2¢constant >0

1

5-1

so that V', V !
€ l1¢g

, 0:8 are bounded operators. The proof of Theorem 4.3

follows immediately from Theorem 2.21, page 330 of Kato [17].

Definition 4.4. Let P, be the projection on the subspace of the

functions of L°‘(R) that have support on ISE) v IEE). That is P,

is the multiplication operator given by x (&) (e "
1,7 ul,

...........

« % . -
-------



(4.26) )){(1 B)V2 +2zV

2 _ym
+2° -V +
2€ \25}

(1-x fe)
Il 2

*X (o) te) {(1-BYVZ_(R,)+22V,¢ (R,)+2%)} +
1 2

a?

+ C {8(y-n)+s(y+n )} + T, {8(y e n,) + 5(Y+

In fact for z >z, >0, 0<e€< €, Wwe have
{(1-B)V +22V, +2°-V) } > 0. Moreover
{(1—§7V58(51)+Zz\;€(ﬁ‘)+zz} 20 and ¢, 20, T, 2

The estimate (4.2) is established.

'''''''''''

" Let ¢ be a constant such that
1 2= v = o S eV > y2
(4.27) VE = V€ +c>90 and (\E+c) Ve
(4.28) V2V, +#C>0 and (V, +0)? > V2,
(4.29) V 2V +8>0 and (V 482 > V2
2€ 2€ 2¢ 2€
We define
0 T G 2
(4.30) Moo= -t Ve =M v 8
80 Y LRSS G5 BEP
(4.31) hk & * V. ME +C
G(2) _ o d® Lo (D) L a
(4.32) M AR R
Theorem 4.2. There exist z, > 0 and €, > 0
and 0 < e < ¢, we have

e e Tt e et et et e Tty

L

...............

such that for

.......
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The estimate (4.3) has been estabiished.
Let us now prove (4.2). Let 0 <8 <1 proceeding as we have

done proving (4.1), we obtain as a form on CO:(IR) x CO:(IR)

1 — —~
(4.2) 02 S BV > BVE e 22y, w 2P - v

To prove (4.2) it will be enough to show that for z>z,, D<ec< €,

we have:

(4.22) (-B)VI_ + 22V, + 22 - V' >0 Y €ER.
Let x be the characteristic function of I(e) u I(E).
l(e) I(e) 1 2
1 2
We have
(4.23) vy, = vge(l-xl(c) (e)) " ©ul8(y-n)+8(y+n )]
N
- Jr - ST -
¢, [6(y - gg“* n,) + 5(}"“97' n,)]
where &(+) 1is the Dirac's delta and
(4.29) c, = 28V, |cos ’gA,sinkn,| > 0
- l. —
(4.25) c2=§3- l-mnl-*————l—-_—— Z 0
/2o (1-/2v n,)?
: .= L, w2 -
are the absolute values of the jumps at y = n, and y =#( — - N,)

of Vl" .

Since VIE = Vzc when vy elR\{IEC) v IEC)} we can rewrite

equation (4.22) as follows:

. - o h e m - s e

e T L T e T e S e e

............. . K S T St I
-------- N T T e T L N

PO SR A - A P WAL SR APV S S A AR A S S S A T Sl R S RO R, G it ST L I Vo Il G S 0
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K.
, since V, given (3.4) goes to infinity when € - 0. The last inequality

Za

in (4.16) holds Vz >0, 0 < e < (6(1+3))%.

For y e A, formla (4.13) becomes :
/_ 2
7 2 sy w0 1 1 )y
(4.17) z +2E10n {y I T docjz +
Y 3e
5 2 ‘
] vy @0 11 - 402
+ (1-8) 140 (y - 75 y-g—@} 4(1] +
€
; 8a“(1 3 1 l > 0
4v2 “
(v-%2)

N . : . - Cl/g 2 : .
with the substitution t = 2v(y -T) the expression (4.17) becomes:
(4.18) t?(z%-8a’z-8a") - 24a* + (1- e)[ (t -1)%-40°t]12 20, t 20
When t >34 and z such that (z°-8x°z-8a") is positive, the

left hand side of (4.18) is greater than or equal to

- (4.19) 1(z?-8a%z-8a") - 240" 2 0 for z > (4+2/30)a?, € > 0.
- When 0 <t <3} and z such that (z2%-8a°z-8a") 1is positive, then
__; the left hand side of (4.18) is greater than or equal to
a (4.20) 240t ADEE (t1) 4ot
The expression (4.20) is positive for 0 < e < g since v
N given by (3.2) goes to zero as ¢ ~ 0.
The proof of (4.3) for v € A_ is analogous to the proof given
for y € A\, and will be omitted.
T e I s e
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and this last expression can be made positive for z > z,

choosing z, and €,. The estimate (4.1) is established.

and 0 < g <

Let us now prove (4.3). Let 0 < B <1 proceeding as we have

/6

done proving (4.1), we obtain as a form on C:)GR {_—-— D x C R-{+

(4.12) M) - B> ABIVE, 4 22V, + 2P -V

2¢€

To prove (4.3) it will be enough to show that for

0<a<£0 we have

(4.13) (1-?5)v§E vV, o+ 22 -2 0 y €R.

For y € A, formula (4.13) becomes:

(4.14) 22 + 2(V,tg“By+202)z + [(1-B) (V,tg®By+20%)? +

-8t 2 sin28v+1]
8 COs“Ry

z >z,

when |y| < 4l we have cos®By 2 3 and sin’By € 3 so that the

[
expression (4.14) is greater or equal than

(4.15) 2% + 4%z - (60+4B) 20

when z > (/64+&B- 2)o? and Ve > 0.

When Jiss ly| < 2% we have sin?8y > 4 and cos?By < %

so that the expression (4.14) is greater or equal than

1

(4.16) 22+hols ¢ o [(1-B)V, sin“By-8a*(2 sinigy+1)] 2

> 2+da’z +4 2 VE - 280t] > 0

/b
2

.y
- .i
G |

-
A
A
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4.7 F,(y*) = 2zV_ + z2 -V 20 y eR

€

Let us define

t=y2

4

2z ¢

8za’e? + 30e"

2z(4a"*-3e?) + 48a2e?

) (@] w >
]

4za? + z2 - 8a' + 62
A simple computation shows that

(4.8) F, (t) = t(At?-Bt+C) + D t

\Y%
o

Let us first note that when z > 2(V/3-1)a? and 0 < ¢ < 202 é?

we

have A, B, C, D positive. Cunsider now the parabola

(4.9) At? - Bt +C
since A > 0, the parabola (4.9) will have a minimizer at t, = g&
where
_p2 2
(4.10) atZ-Br,+C = HEB - o (225¢24200%24122) < 0

Moreover the equation At? - Bt + C = 0 has two real roots:

_ B-/B7-3AC _ B+ /BZ-3AC B

So that VvVt 2 0

(4.11) F (1) >3 (At} - Bty + C) + D =

a’e? 3375 €

=22 - 200%z - S6a* - 8de? - 630 T— - =2

...............................

.............................................

.........
....................
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8§4. The basic estimates.

We will prove here some estimates that will be used later:

Theorem 4.1. There exist constants z, > 0, €, > 0 such that when

0

z2z, and 0 <e <g, we have

(4.1) (M_+2)* > V2 on (R x ()

(4.2) Me2)2 2B on G® x G®

(4.3) Me2)2 > B2 on cﬁm-{:% 1 x c?(m—{taf 1

where 0 < B < 1.

Proof: Let us first prove (4.1) and let p =1 é%-‘ Then as a form

on C?GR) x 5?GR) we have:

(4.4) (M€+z)2 (p2+v€+z)2 =

p* + Vz + 22V + z? + 2p(V_+z2)p - V!

Since Ve 2 constant independent of ¢ when 0<e <¢g;, so

(4.5) p(V_+2)p > 0 on Co@® x €M

for : large enough. From (4.4) and (4.5) we have

VTP T —— e
. MM ] DI e g PRI ot .
RTINS
L ) O oo . e e o

(4.6) (MC+:)2 - VIS 22V o+ zZ-V‘E' on C,R) xC W

e
FERr

To prove (4.1) it will be enough to show that for z 2 z;, and

v | 0 <e<¢g, wehave:




Proceeding as beftore let us now consider

(5.52) S y €R
(3.33) R v €R

we will use them to approximate N .
The eigenvalue problem for

the cigenvalue problem for

values of N,(A ‘)

three harmonic oscillators considered before.
Let Co@R - {2y,-n.7 - {n,}) = {f|f is C

support and is zero in a neighborhood of y = 2y,-n, and y = n,}.

We have:

Theorem 3.5.

N

Proof: It 1s a straightforward modification of Isaacson [2] Appendix 2.

oy

Theorem 3.

l

R

Proof: It follows

[Te].

approach the ecigenvalues (2.20), (2.31), (2.52) of the

i g JShad i e o Snadh - dhe S A i - Shall e el S Ao/ (il S R adddind B BUREE SR '
s J et S R B olarRabodtae i g W o ¢ (U pALpnE e s N A -l is A Aal A il A AN aCata i el S a Rt B

-
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Nfz) can be solved analogously to

Mfz) in particular as ¢ + 0 the eigen-

and of compact

is essentially self-adjoint on C,@- {2y,-n,} - {n,1).

is essentially self-adjoint on CjGR).

imnediately from Theorem 10.23 page 315 of Weidmann

“a

. .4,......
ORI IR I 3 N A
IR AR AR Yo
.AA.‘!A.A“‘

ey

e
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is easy to check by explicit computation that 2y,-n, > 0 so that the
function U,. (Fig. 7) as € + 0 is an approximation to UE. In par-
ticular U,. approaches three independent harmonic oscillator potentials
one with vertex y =0 and equation c’y?-c one with vertex at y =y,
and equation ci(y-y,)? - ¢; and one with vertex at y =y, and equa-
tion cﬁ(y—yz)2 - C,.

Let w;(e), u,(e), u,(€) >0 and

()

3 = fyeR |y, () <y<y, -u, ()} and J,;77 = {yeR|y, +u,(e) <y<y,-u,(e)}
two intervals such that a
2y,n, € X9 and n, € 59 such that ]
X
(3.28) Uze (b (e)) = Uzg(yl-UZ(E)) ]
(3.29) Uye (v, #H2(€)) = U, (y,-u5(e)) .
and 3§€) P j§€) = {¢}, note that because of symmetry U, (y,-u,(e)) = T
Uza(ylﬂ’lz(e)) a
n‘. . “ 1
= finally later we will need A
. _
ol (3.30) Lim Uy (v, %u,(e)) = = .
S g0
:f Let us define
b
’l
‘ ( ¢
E; ‘ U, () v & 38 Jg“)
.—', {
r':, <t = = 4 . N (E)
;..A . (J'Jl) U]_E(v) UZ&:(\I Hz(t‘)) y e ‘Il
& l ,
- | U0y € gt
éi ' (see Fig. 8)
4
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1
. 1 (da® + V354007 10 4 ey 1 (407 4 TR0 (<) i
(4.0.)) E—( 3 éll ’ 'E‘ 3 éIZ . !
-
B
Let y € IEL) u Igl) then \A’]E(}') =V, (0,(2) + ¢ so that L
N G V, (7,(£)) + ¢
-1 o = - & < |
(4.64) AR AR N PN R O ) :
€ k
L
)
where

4

(4.65) m(e) = min V.(y) = min ¥V (y) =

(¢) (g) F (e) ©
)’”’Il UI;Z Y’EI] F
= miniV (7,(5)), V(5= - A, ()

and (4.03) follows from the fact that \A is even and (4.02), (1.03), )

An elementary computation now shows that

(1.06) 1\:;1(\‘.€_f.1€)! < constant, for 0 < ¢ < ¢, when yg 1¢) ¢, ,
o

Let v 2=+ § () we have Vi.(v) = V..(v). Define y' =y- E’-—b i
~.~_ o < = L : 3
so that we have y' > n_(v) + and ]
- < voN
: - : 12 g | i
- (1.07) V() = da (v - P ) - 4 | ;
N 5
. 1 e |
b = Ja (v - )<(1 + — ) - 4at 4
L. ( v’Z_,- y'v':\,‘ ‘
o since when y' 271, (<) + 1 we have (1 + 1_— )2 €4 it follows .
VI AT |
- - . - - i
[ (4.08) Vov) < Loty - 227 - 4w when v 2 —‘L—' + ().
SIS : o . -
[
-




Lalin giai gua Sk ol o

Morcover
Ry
(4.09) V.(y) = -da® - 0/2 uu(y-“—LQ) + (1<>q“-3u~')(y-“2_2)z +
] /2 .
+ 2472 ujc(y-%zﬁ + 20 uzaz(y-(—l?—)" +
o) 3y, L gg 5 4 _ U./Z- 6
+ 0V2 w i (y - )7 o+ ' (y T)
From (4.08), (4.069) when 0 < v <¢; and y 2 9‘—;‘/2 + ﬁz(c) we have:
lou®* + 4
) \! _A)‘
(4.70) ' 4 | < , i (e)
v _ A Q/ZlL + 1602 - 3¢2
ﬁz)(t_) rlg(t)
V. .
so that , Vt < constant when 0 < ¢ < ¢ . That is
L
, _ LD ) /2
(4.71) I\t‘(Vt;—VlL) € constant when O<e<eg, y>a—t_--+ n,(e).
Reasoning in the same way it can be shown that
Al A A -
(1.72) lVLl(VL-VlL)l < constant when O<e<eg, y<- (-‘L—'/:—nz(c).

The cquations (4.00), (4.71), (4.72) estublish (4.44).

Let us prove (4.45). When y € IEC) u IEC) we have

(4.73) Vi) =V, (1) +¢




Yy r—— L
vl

K

v
v

. 2 4 2 b . . . >
RN [
1 . Lt
. R ,
S .

v
P
:

¥

v
ettty
Ot

LA '.‘ L
LT "
s e
.o i

»

Mt St Mgt - San T e e e Senn b Acaih et aante Sl - - -

40
and
(4.74) lim ﬁ;z(i) VZe(ﬁl(s)) = constant # 0 . ’
€0
From (4.39) it follows that:
(4.75) [Q;é[ < constant 6261 when O<ec<e , )'elf;) UIEE).
Morcover
(4.76) Vi) = v, () 2 \'28(0_"62 +1n,(e)) when 0<c<eg, y>a;’2_+ﬁz(e)
and
(4.77) lim ﬁ_fz(,_;) vV _(:“": +7.(2)) = constant # 0

- - (&)

L"ﬁ
since n,;(+), n,(<) are of the same order as ¢ - 0 from (4.76), (4.77)
it follows

s ey
R 2
-

(4.78) [\V[l{ <constant = ' when 0c:<s Y= o+ n,(0)

Reasoning in the same way it can be shown that

N 2 & -~
- =1 7 Xy L -
(4.79) hlJ < constant < ! when O<cvg, }w:-¥7--nﬂgy

The equations (4.75), (4.78), (4.79) establish (4.45).

This completes the proof of Theorem 4.0,
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Theorem 4,7, There exist constants z, > 0, ¢, > 0 such that when
N z >z, and 0 < e < ¢, we have:
3 (4.80) (N +2)? > U? on  CoM) x Co@)
- (4.81) (Nv2)? > B U2, on  CGWR) x M)
; (4.82) (Néz)+z)2 >B UL, on CoM-{2y,-n.}- {n,}) x Co@® - {2y,-n,)

where 0 < B < 1. - {n,})
- Proof: Let us first prove (4.80). Proceeding as in the proof of (4.1)
L
-' we can show that

/ 2 qfe 2 '

(4.83) (NE+2) UC P ZzUE +z U;

So that to prove (4.80) it will be cnough to show that for

2z, 0<ecx< £, we have
(4.84) Bo(y) = 22U + 2% - U > 0 y €R

A simple computation shows that
*;\ . 2y 6 6le -3 < ) 9 2,9 2 B 2.4 i
- (4.85) F.(y) = 2a°c"zy® + e7zy” + {2z2(3 b’+2ac)e?® - 30a’e“ly" «
[
)
~ + (L beeg - OVab e3ly? + {2z(c?-3ac?) - 12(% b2 + 2ac)e?ly? +
M V2 V2
_(8b ., 4 18bc ety - 2z¢c - 2% + 6ac? + z?
b V2
b
.

..........................
...............................................
..............
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(4.86) Fz(g) = 22([ }
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= gy, rearranging the terms in (4.85) we have

! i t?(2at?+ 3» t + 2c)? - (3at? + 3b t +¢) + %] +
VZ V2

60ab s , 12(§b2+23c)t2 + :%bct + 2c?-6a=?]}

o

- 5 [30a%t* +

For z >12z; and 0 <e < ¢, the expression (4.86) will be positive for

any t € R. This proves (4.80).
o The proof of (4.81), (4.82) can be obtained from the proof of
!; (4.2}, (4.3) with only minor changes and will be omitted. -
: X
I o
- Let 5* bc a constant such that ‘ i
. . A R i .
(4.87) U =u_+c, and U, +c)? 2 U8 ‘ :
'u (1.88) Al‘ =u._+<, and (U, +CD* 2 U | i

(4.89) U, =u, +c, and U,. +c)? U
[ We define

" d? N ' ~
(4.90) Ne gl s + UE = NE + C,
A _ d* ~ _ -

!w (4.91) N, =+ dv™ U N G
< . 2 A -
" (4.92) AN:C = - a-{,—:- + U2E = N.Z;_“ + C,
)
;4
s
'-:.‘ R ST ‘“_-_‘_-‘-:\:t. ."\ . ::._ ............
;:r"}";:' . ".'_(..' s e ._-’..:-;.‘ R R A . T T R T R S g
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Theorem 4.8.  There exist 23 > 0 and €; > 0 such that for z > z,

and 0 < € < g€; we have

(4.93) (N +2)* > 02 on Co@) x CoR)
(4.94) (42)2 >80 on c@) x CTm)
(4.95) (Niz)n)" >80 on CUR-{2y;-n,}) x CYR- (2y,-n,} - {n,})

where 0 < B < 1.
Proof: It follows from Theorem 4.7 since ﬁg =u, 02 > U; and

2
€
U

1€? Uze’ 2¢°

~

:
i

G* > 0 and the similar statements for 015’ u

Theorem 4.9.  There exist z, > 0 and ¢, >0 such that for z 2 g,

and 0 < e < g, we have:

(4.90) | § +2)7vl < 1077yl V€ LI®)

@on TEP™0 < S0l we

(98 DE2ea 0l < UL we e
I

where 0 < B < 1.

Proof: It follows immediately from Theorem 2,21, page 330 of Kato [17].
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Definition 4.10. Let P, be

functions of L?@R) that have

Definition 4.11. lLet P be

functions of L?*@R) that have

U =y ly] < ()

Let us now choose

8y

(4.99) () = ¢

v.(2) and u,(<) will remain

Theorem 4.12.  Let p,(¢) be

deterined by (3.28), (3.29).

ing estimates:

44

the projection on the subspace of the

support on st) u J§€).

the projection on the subspice of the

support on ‘mxufi) where

v Iyfly-v, 1 <@ o rfly-y,l < u, ()}

0<61<1/3

determined by the equations (3.28), (3.29).
given by (4.99) and wu,(c), u,(s) be

Then for 0 < & < €5 we have the follow-

g -0 P! =
(4.100) H{u, -0,)0-pDi =0
N1 A A . N
(4.101) 1u:, (U,.-U )P | < constant
(4.102) J0:2p7] < constant €*%
. A oA * 1-38,
(4.103) ll(Ug°U15)(I'p2)“ £ constant ¢
(4.104) IIG;I(GC-GIE)P:” < constant
(4.105) l]ﬁ;zP:} < constanu e 01
Proof: The estimates (4.100), (4.101), ... , (4.105) can be proved

has the corresponding estimates (4.40), (4.41), ... , (4.45) of Theorem

4.6.

..............

...........

.........
.................

.................

I P I SIS S S




A iC AR e R A PN NS Pty CalRe NN A RS S (i St e D S et haia T~ Bt - A "‘-"L"X'\'T’-'.‘f'.".".".‘L‘I"".‘Wi

45

§5. The behavior as € » 0 of eigenvalues and ecigenvectors of ME, NE.
Let us first make precise in which sense ﬁe is approximated

by ﬂfl>, ﬁiz) and ﬁe is approximated by h(l) N(‘)

Theorem 5.1, There exist constants A, z, » 0, ¢, >0, & >0
such that for z > z;, 0 < € < gy we have
(5.1) | 427 - ey <A 8
]
N _ ~ _ .
(5.2) I ™ - @ <A -
~(1) -1 oo -1 81 ]
(5.3) II(Mu +2) - (M£+z) [ <A ]
i |
p W '_h*
(5.4) ORI R (e R I S ]
he
. * ;.::j
(5.5) ey - @7 < ach |
(5.6) | @42)™ - e <A

(34 ."-. {'_’I. l““" '—:I‘ ‘l' ‘l'

Proof:  The proof of (5.1), (5.2), (5.3) follows from Theorem 4.3 and

P
.

Theorem 4.6, rcasoning as in lsaacson (2], Theorem 3.1. Similarly, the

proof of (5.4), (5.5), (5.6) follows from Theorem 4.9 and Theorem 4.12.

1@ h"." DA

madhund ooican

Let us remark that (5.1) and (5.4) say that the resolvent of

M converges to the resolvent of M) and the resolvent of NE con-
(34 t

verges to the resolvent of NUDas . . 0. In section 3 we have
t

Y et
B . .
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3 here

1(2) and N(z)
€ €

studied the eigenvalues and eigenfinctions of M

we will see the conscquences of (5.1), (5.4) on the eigenvalues and

of M [ N.
€ €
Let P_(S) and Pé‘)(S) be the spectral projectors of MC
and Mf?) asscciated with the Borel set S < C.

The eigenvalues of M(z) (3.17), (3.20) when € = 0 are given

€
by
— t 2 bl
(5.7) ch = 8a‘n + 0(r°) n=20,1,2,
0 N \
(5.9) A = A (n+l) + 0(e”) n=20,1,2,
ne
(cce Fig. 9).
+ v 0 + 0 ] e
b R A ) ) AL b A
. n | oe L; 1e ‘g 3E_L2’E >
4o’ B* 1247 16a?
Fig. 9
We remind heve that \ﬁr hie multiplicity 2 and Agc has multiplicity one.
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let
(5.9) Ck(r) = {z{|z-4u2k| = r} k =0,1,2, ...
and
(5.10) D, = {z‘lz-4a2k| < r} k =0,1,2, ...
with r < a‘, and let:
( (2) . 1 (2),-1
(5.11) Pe (Dk) = 7—”—1—() (Z-ME } °d
Cp (r)
then
(5.12) ¢ ey = Pl for ¢ small enough
(2) ;0
P ({)\k-l,e} k odd
(2) -
(5.13) Pe (Dk) = |
(2) 0 t S
L P (D\k_l,e}U {AE e} kK cven
2)

for « <y (see Fig. 9). We remark that r__‘k cannot be chosen inde-

pendent of k.

Theorem 5.2, There exists Ek > 0 such that for all z € Ck(r) and

all 0 < o < t_k.

(5.140 (z - ML)'1 cxists

NI A - o i
B - T St T e . P I i R » -t
o TN I I W AT GG T P WP S T L MG Ry PRI T W, W WAL VAT TE T oW AP0, L I, SR VO, WA S VR0, g
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(5.1 sup I (z-M )"t - (:-M(:))'IH < constunt - G-
:L(fk(l‘) N ¢

Proof: It follows from Theorem 5.1 and the known properties of the spec-
M,

trun of rearranging the proof of Theorem 4.1 of Isaacson [2].

Theorem 5.3.  For k =0,1,2, ... wec have

lim §P_(D )(D

) - Jl =
e K K

Moreover for all ¢ sufficiently small Me possesses:

(1) two distinct cigenvalues 1;(<) = 0, wu!(2) > 0 such that:

(5.16) lim wi(<) = u.(:) 20
€0

(i1) when K is odd one eigenvalue uk(s) such that

(5.17) lim u, (0) = 4¢°k k=1,3,
o) k

(113) when Kk 1s even three distinct cigenvalues uk(F), ui(a), uﬁ(:)

such that:

:; Is .n '}" - = i ;‘l ;" ’;’ = 1 T L” /L = N : " C = 2
(5.19) iin\ ) lilo ey },13 p=) = dak K o

Proot: From (5.15) of Theorem 5.2 we have:

Gaw ey - p ol =tk b e ) e
k £ K (| J [ e
. Cp ) t i
< constant r - - .

[§ VSl P

h . L R S BT v e -
L R STy . .
'''''' AR TR Tl e A _‘. T ,\ e ey
" 4 - i . .
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So that for ¢ sufficiently small

(5.2V) dim Pc(Dk) dim IE (Dk) R

The remaining part of Theorem 5.3 follows from (5.12), (5.13), (5.7), ]

-

(5.8). f:‘

lLet us now establish the results announced in section 2. ?Z{J

]

Theorem 5.4, Tet 0 2 -x (e) < - X () < - A, (¢) < ... be the eigen- »5i?!
values of MC. Then:

(5.21) lim - A, (g) =0
0
(5.22) Lim -2 (€)= 4a*(2n+1) n =0,1,2,
v+0
("4)' i - 3 = i - = i - ) = 2
(5.23) ifg Ay, () lLil(l; Xrun(€) gn(; A pun (€)= 827 (n+l)

n =20,1,2,

Proof: lLet S, = {z=x+iy|-1<x<4a’k+20®,-1<y<-1} k = 0,1, ... . By

estimates analogous to the ones of Theorem 5.2 it is possible to show

that

. . (2) _
iig[lpc(bk) - PC (Sk)” =0

LR Tt T

. Lo RN

JoTe e, AR L
. PR P P R e
OO U YOO

PRI el 2 .

Ia
2.

That 1s for o sufficiently small

v

..oy

4
i@

din P (3,) = dim P4 (s))

Theorem 5.4 follows now {rom Theorem 5. 3.

l,
U
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. e .
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A straightforward computation shows that the eigenvalues of Né )

when © > 0 are given by:
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=4
<

~~
Ut
o
I~
~—
{
-1
~
yo
~
f

=c(2n+1) - ¢ + 0(=7) n=0,1,2, ...

(5.25 -Trgj) = e, l(2n+1) - ¢, +0(=%) no=0,1,2, ...
- op —(3 R .
(5.260) rg’ = ¢, (1) - c. o+ 00 %) n=0,1,2, ...
[
where ¢ =2ax,x: , ¢; = 2ax.(x;-xz2) < 0, ¢c» = Zax;(x,-x1) where x;,x,

Y

are given in (i) of Proposition 2.2.
D

a8
Let { 0 ine.

E, = {c(2n+1)—c}:

be the set obtained reordering the numbers of

i}

PR o L - _ %
E: = (Jc,i@n+1)-c;} _ and E, = {c,(2n+1) Cz}n=J

=0 1l n=2

N
l

=
)

in such a way that -Th = 0,1, ... . Morcover if a number

appears in more than one E. 1 = 1,2,3 it will appear a corresnonding

i
nunber of times in {-Th}h_) in parsiculue since cero appears in By
and  Ei o owe will have -7, = -7 =0,

1
[l
.
—
i

Theoram 5.5, et 0

V(=) < ... Dbe the eigenvalues of N_.

<

Then

(5.27) o -x (2) = -
N »0 n

Proot: The proot can be obtained from (5.02), (5.25), (5.2¢) rearranging

the proofs of Theorem 5.2, Theorem 5.3, Theorem 5.4,
We remark that when a certain value appears more than once in

{-Tn‘ . this corresponds to aswvmptotic eigenvalue degencracy for NC.

Since -V, = -V, =0 we have

lim -V, () = -%,() =0

e+t
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All the remaining {—)\n}“_2 are distinct if 31 irrational,
= 2
ce Xyl e T % . - . . - .
it - 13 rationual {-An}n_z contains values that appeuar oniy once

and values that appear three times.
That 1s, there are eigenvalues of N. that remain isolated when
v 0 and eigenvalues that have asymptotic multiplicity three when o - 0.

We have alrcady observed this phenomenon in the study of Ma'
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§6. The estimate of the first nonzero cigenvalue of MC and NE.

In section 5 it has been shown that

(6.1) X&) = -Xp(2) =0 Ve #0
(6.2) lim -\, (£) = lim -X,(s) = 0
£+0 e+0

where —Ao(e), —Al(s) > 0 are the first two eigenvalues of Me and
-Xo (€}, -X,(e) > 0 are the first two eigenvalues of N_.
In section 2 it has been shown that the eigenfunctions correspond-

ing to -x,(s) and -X,(e) arc respectively:

1 -f1~ ~
(6.3) v(y) =die
and

: “faes
(6.4) V) =Te

where f,,f, are given by (2.13), (2.14), £, £ by (2.4) and

PP
L o

] (e by N
(6.5) db ol J-m(’ dv } = :% c.
K e/ -_ . ]'l
(6.6) d = [ J e %L dy == C
£ o J '/2- 8
are normalization constants such that |IV°”L20R) = ]IVBHLZGR) =1 and '.g

la

¢_, ¢ are given by (2.11). P

[
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»
«
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Using the Ravleigh-Ritz principle ([6], page 78, Theorem XIII.2)

we want to estimate the quantities -3, (<) + % (2) and -> (£) + X, ()

as < = 0 that is the first nonzero eigenvalue of M_ and N_.
The same vroblem for the Fokker-Planck operators corresponding
to M_ und N_ and for some more general Fokker-Planck operators has "

been considered by Matkowsky-Schuss in [10]}.

Matkowsky-Schuss in [10] used the technique of matching asymp-
totic expansions. The results obtained here using the Rayleigh-Ritz
principle are contained in the ones obtained by Matkowsky-Schuss in [10]

but are derived in a more elementary way.

-1
Theorem 6.1. Let -i,(c), -3 (2), M¢ be as above. Then as < ~ 0
we have #
2w
- T_g 54 .
(6.7) 0 < -2 () +A,(e) = -1, (¢) < constant e *
Proof: From the Rayleigh-Ritz principle ([6], page 78, Theorem XIII.Z
we have
<g ,Mv_g>[ 2 @)
(6.8) 0< -\ () + 4, () = -\, (2) € e J
’ <g, > - .
812871 R) \
where g € L) is any function orthogonal to v, (given by (6.3)) )
that belongs to the domain of M as a form. -
Since V. 1s an even function let us choose .
(6.9) ¢ =, i
where  uly) = -uf-v) is an odd function such that u € L°M@) and
. d ) . - . . . .
i¥ € . R) where 32 15 the distributional derivative of u. .
dv y |
S G R i e e s
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The function g 1is orthogonal to v, and belongs to the form

domain of M .
[ %

——

We have
_ [ .
(6.10) <g,MEg>Lz R) - f@ uvo[- T + \E]uvody =
P 2
d 7 2
(wy)i +V u?vit dy =
Lm { g O{L U‘oJ \

Since

r+e (dv y 2 +o ar dv ) +o dv 2 '
212 e = . P2 = du 9V, d’v

\ . dzvﬁ
and Mv, = - I + Vev0 =0
So that
e, N2 j
du’ 2,
Ll v
(6.12) 0 < -Al(e) + X, (e) = -xl(z) <

+ 0
2

f u?v dy

-0

:"‘_." . \'_1
RUTAEY % I e
R TR
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Let us choose
1 y>1
uly) =1 y Iyl <1
- y <-1
equation (6.12) becomes -
1 :‘”‘
2 ‘e
. [ v, dy S
(6.13) 0 < =X () + A, (€) = —Al(e) < o
+oo
P J u?vi dy i
) —® ]
r:'.
& Morcover
' o ) P -f (e)
(6.14) vidy = d_ e '€ dy = < ce[ e '€ dy
-1 1 /7 J-1
-f (1) +202 € 2 4
<t c2e ' € c2e VT g e2°
n— € /2- €

It can be easily shown that

: R — 2
(6.15) 1im eC, —/F-a

. €
and that since x = —y
V2
il a ASn e A a Al e 8" atatie” P S S LI it e o A e, -l
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$o0 ® -2 (x)
(6.16) im [ vivdgy = 1im [ ce £ g2
-0 Jeo E»O J. €

In fact in the sense of distribution

PR JRC IR SEC NP ¥ S

P

S

2
. T h(x)
6.17) lim c.e = 7(5(3(-0:) + §(x+a))
€0
where &(+) 1is the Dirac's delta.
Theorem 6.1 now follows from (6.13), (6.14), (6.15), (6.16).
We remark that since a" = £,(0) - f,(a) the estimate (6.13) A
agrees with the one of Matkowsky-Schuss [10].
Theorem 6,2, Let -TJ (c), -Tl (¢), N. be as above. Thenas ¢ - 0
we have
—- - - = Zr(£2(x))-£,(x,))
(6.18) 0 < -\, () +X,(c) S«\,(¢) < constant e *
where x, and x, are given in Proposition 2.2 (i) (see Fig. 2).
Proof:  Reasoning as in the proof of Theorem 6.1 we have
oo

(6.19) 0 < -X,(2) + %o() = X, (e) €

4+
( h*Vidy
-0

:
'-_
e e e e e .- - . - e e e e e e e e .
Tt L i Y T P P . R T U VN S S e AT T S T T O o T »..-_.“'A .i
T LT A T e e e e e e e e e el e .
N e e e T T T T T e T TR e s B N A N S T
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® dh w
h€L R) and a?GLCR).

B where g = h v, € L>@®) 1is a function orthogonal to V, such that
. Let us choose

(6.20) h=u-<uv

where

1 y>y, +1
(6.21) u(y) = Yy - Y, ly-y,| <1

o -1 y<y, -1

% /Z
.‘:-:._ where y, = = X

LI I
N,

_._ Reasoning as in Theorem 6.1 it can be shown that:

2
- _2" fz (xl)

‘_-.\' ~® 2 _
SR (6.22) J [g—;‘] vs dy € constant e

Moreover

I!r
e e

.: 400 40 Y- 2
Y (6.23) J h*vidy = J 0*vidy - [ Jf E\Tﬁdy]

T and

400
(6.24) lim Jf u?vidy =1
) ‘-

o
2 T

e
".‘ “ .‘ .IJ 3
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+

- =2
[Tawa e
o]

- AU
fll(x )
_.:iz_fz(xz) 2
o €

Theorem 6.2 now follows from (6.19), (6.22), (6.23), (6.24) , (6.25).
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§7. Conclusions

- Fx)
Let f(x) € C*R) be such that e °© € LYM@M) Ve #0

s w5

and suppose that

(7.1) t'(x) =0

LA L

'l ahad

has n roots 3,,3,, ..., 3n such that

1

{7.2) f“[Si) =y #0 1=1,2, ... ,n
that 1s 3,,3,, ..., 3n are non-degenerate minimizers or naximizers
i of f.
Let i
~2 n2 3 :'
- . =232, 3 [ df
/e ] '_“___‘_..-0--‘\— —
l (7.3) Le( ) 2 5x¢  ox i dx J

? the Fokker-Planck operator associated to f.
N Proceeding as in section 2 the study of the spectrum of (7.3) can
| be reduced to the study of the spectrum of

- d?

(7. H_; =‘J)T:+WL(,V')

on L-@R) where W () is given by (2.7).

Let ¥y =-%Z 31 i =1,2, ... , k a straightforward computation
shows that as < > 0 W;(y) approaches n decoupled harmonic oscillators

potentials Lat(v-v.)* - lu..
: i i i

So that we expect the spectrum of H to approximate the spectrum
ot n decoupled hammonic oscillators ~L = Lfci:(lk+l) + }xi,

)

O 1 and k= 01,2,

- R Lo . e
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N R T Dy e . PR ~ v
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In particular if f has m (<n) minimizers, that is a; > 0
J
f=1,2, ..., m we expect the eigenvalue zero of Hg (or L) to have

asymptotically multiplicity m when € - 0.

- = - . - e " . wm o~
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APPENDIX A3

Test problems for global optimization software
by I'. Alufri-Pentini, V. Parisi, . Zirilli

{submitted to ACM Transactions on Malthematical Software).
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Probles 14

A function with three ill-conditioned minima, a = 105 i

a) function: as in probl. 10 i
3

b) parameter values: a = {0, b = 1l/a 4
c)y, d}, ) : as in problea 10 =
f) sinima 1n the region D : two global ainima at !l
(x,y) = $£(0, 14.94511), where ¢ = -24776.51834, R

and another local minimum at ;

{x,y) = (0, 0), where f =0 1

q), h)y i) : as in problem 10. -

)
Problea 1S ]

A function with three ill-conditioned minima, a = 10°

a) function: as in probl. 10

b) paraseter values: a = 106, b =1/a
c), d), e) : as in problea 10
f) ainima in the region D : two global aminima at
{x,y) = £(0, 26.58678), where ¢ = -249293.01824
and another local minimus at
{x,y) = (0, 0), where +f =0
g), h', i) : as in problem 10.

Problem 14
Goldstein-Price function

a) function:
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Problem (1!
A function with three itl-conditioned minima, a = 100

a) function: as in probl. 10

b) parameter values: a = 109, b = 1/a

c)y, d), @) ¢ as 1n problem 10

¢) minima in the region D : two global aminima at
(x,y} = £(0, 2.40891}), where f = -18.05870

and another local minimum at

(x,y}) = {0, 0}, where { =0

g}, h), 1) ¢ as in problem 10.

Problea 12
A function with three ill-conditioned minima, a = 1000

a) function: as in probl. 10

b) parameter values: a = 1000, b = {/a

¢), d), e} + as in problem (O

§) minima 1n the region D : two global minima at
{x,y) = £(0, 4.70174), where f = -227,763575

and another local minimum at

{(xyy) = (0, 0), where f =20

g), h), 1) ¢ as in problem 10,

Problem 13
A function with three ill-conditioned mitnima, a = 10000

a) function: as in probl. 190

b) parameter values: a = 10000, b = 1/a

c), d}, el ¢ as 1in problem 1O

f! minmima 1n the region D : two global minima at

ixyy) = t(0, 8.37401), where ¢ = -2429,41477
and another local minimum at
(yv) = (9, I}, where + =0
a', h)y, 1} + as 1n orobiem 10,

-
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Problem 8
Two-dimensional penalized Shubert function, p = 0.3

a) function: as in probl. 7
b) parameter values: as in probl. 7, except: p = 0.3
c}y d), e) : as in probl. 7
§) minima in the reqgqion D : general behavior as in probl. 7
but 17 out of the 18 global minima become non-glabal,
ving a single global minimum at
{(x,y) = (-1.42513, -0.80032) with the same value for ¢.
g), h}, 1) : as in praobl. 7. .

Problem 9
Two-diaensional penalized Shubert function, p = 1

a) function: as in probl. 7
b} parameter values: as in probl. 7, except: p =1
c), d), e) : as in probl. 7
f) minima in the region D

¢ same behavior as in problea 8
g)y, h}, i) : as in probl., 7.

Problem 10
A function with three ill-conditioned minima, a = 10

a) function:
2 2 2 2 .2 2 2
flrx,y) = ax” + y~ = (x7 + y= )7 + blx" + y~ )

1}
—
~
w

b) parameter values: a = 10,
c) dimension: N = 2

d) region: D = { Ixi{ & 10, Iyl £ 100 }

e} penalization: none

t) minima in the region D : two global minima at

{(x,vy) = 200, 1.385935), where § = -0,40746
and another local minimum at
tx,y) = (0, 0}, where ¢ =9

g) ini1tial point: (xo, yo) = (0, O}

h}) sourca2: suogested by one of the authors (F,Z7.)
1} notes: as :n oroblem i the problem becomes more ill-
coenditioned as a becomes larger.
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Problem 7
Two-dimensional penalized Shubert ¢function, p = 0
a) function:
fix,y) = gix) giy) + 8 [(x - als o+ (y - b)zl
where g 1is the function defined as § in probl. 3, a)
b) parameter values: 3 =0
a = -1.4251284283197609708, b = -0,80032110047197312466
c) dimension: N = 2
d) region: D = { Ixl £ 10, iyl £ 10}
e) penalization: wix,y) = u(x,10,100,2) + u(y,10,100,2)
) minima in the region D : 18 global ainima, at
(x,y) = ¢-7,08330, -7.70831;
{x,y) = (-0.80032, -7.70831)
{x,y) = ¢ 5.482864, -7.70831)
{x,y) = (-7.70831, -7.08350)
(x,y) = (~1,42513, -7.08350)
{x,y) = ( 4,85805, -7.08350) P
(x,y) = (-7.08350, -1.42513) f
(x,y) = (-0.80032, -1.42513) : i
{(x,y} = ( 5.48284, -1.42513) ‘
{x,y} = (-7.70831, -0.80032)
{x,y) = (-1.42313, -0.80032
{x,y) = ( 4,85805, -0.80032)
{x,y) = ( 7,08350, 4,85803)
{x,y) = (~-8.00320, 4.858053)
{x,y) = ( 5.48284, 4.83803) 3
{x,y) = {-7.70831, 5.48286) ;
{x,y) = (~1,42513, 5.48286) ]
{(x,y) = ( 4,85803, 5.48286), where f = -186.73091
and 742 other local minima.
3! i1nitral point: (xo, yO) = (9, ) 1
hi source: ref. (3] )
1) notes: outside D the penalized ‘functicn f + w has a /
small numoer 3f non-qlobal mtnima inear to D J: )
the noint ‘a,b; 15 osne of the 18 gleo2al ainim-
ters of 2. giv' .a <he region D
Three-g:mensi2nai alate ¢ ¢ are given 1n [S1.
\
\
i
'
|
I
SN S -_;_:‘_-:}-'




Cialli=ad

v WS- W R e e e e e R TR TR_OTRT T
R T Te T e ) - Sl S e b A 4 i R I e Aoe s A

Proplem S
A function with a single row of local miniema

aJ function:
2 2
Filx,y) = ax™ + (1/2)[1 - cos(2x)] + vy

b) parameter values: a = 0.05
¢) dimension: N = 2 '
d) region: D = { -13 &£ Ix| £ 25, -5 ¢ lyl ¢ 131}
e) penalization: none
f) minima in the region D : a global minimum at
{x,y) = (0, 0}, where ¢ = 0
and six other local minisa at:
$£(2.98978, 0), where f = 0.46981

(x,y) =
tx,y) = £(5.96370, 0), where f = 1.97693
{(x,y) = £(8.87844, 0), where f = 4,21128

g) initial point: (xo, yo) = (-3, 0)

h) source: suggested by one of the authors (F.I.)
i) notes: the starting point is very close to a non-global
ainiaizer.

Problea 6
Six-hump camel function

a) function:

"
fFilx,y) = (4 - 2.1 x2 + xVm k% e ty + (-4 + 4y7) Y2

b) paraseter values: none
¢) dimension: N = 2
d) region: D = { Ixl & 3, |yl ¢ 23}
e) penalization: nane
f) minima i1n the region D : two global minima, at
(x,y) = £(-0.089842, 0.71266), where ¢ = -1.03163
and four other lccal minima, at

{x,y} = £{-1.70341, 0.794608), where ¢ = -9.215464, and
{x,vy} = £(1.80710, 0.54865), where ¢ = 2,10423
g) 1nitial point: (v , v ) = (0, 9

0 2
hi zource: re+, (11, gqucted by [31]
1+ notes: 1n D the function § nas 2 maxima and 7 csaddle-
no1nts. Three-dimensional olats a2+ ¢ are given 1n (31,
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Problem 3
One-dimensional penalized Shubert funztion

a) function:

S
fix) = - ~ k cos [tkeldx + ki
e k=1
. b) parameter values: none
c) dimension: N = |

d) regron: D = { ix| =« {0 }

e) penalization: wix) = y{x,10,100,2)

f! ai1ni1ma 1n the regqion 0 : three global ainima at
- x = -7,70831, -1.42513, 4.89806, where ¢ = -12.87088
). and 146 other local sinima

g) i1nitial point: x, = 0

h) source: ref. 13 of [31
1) notes: the function ¢ 1is periodic (period 2x). .

—
bembndeabenbendn P b gt

) Problea 4
o A fourth-order polynosial in two variables

a) function:

3 " 2
$(x) = 2 /4 = x7/2 + ax + y /2

- 5) parameter values: a = 0.1

’ z) dimension: N = 2

] 4) region: D = { ixl £ 10, iyl & 10 }
e: nenalizatian: none

R VIO 1%

+) am1nima 10 the region D :

two minima, bHoth for y = ), as 1n problea | .
3) anitial gownt: (x_, v } = (i, Q) ;
: 3 2

) NYy :r s as in prool. L.
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b)
c)
d)
e)
+)

g)
h)

Problees 2 ﬁj;
Goldstein sixth-order polynomial 2]
a) function: '!{
4 4 2 R
fi{x) = x - 13x + 27x + 250 s
b) paramseter values: none o]
c) dimension: N = | A,
d) region: D = { Ixi £ 4 3 |
e) penalization: none ;T?
#) miniaa tn the region D : two global minima at ;3}
= t3, where ¢ = 7, o
and another local minimum at -
= 3, where ¢ = 250 -
2) 1niti1al point: x =0
2 : .
e ur-2: ref, & o¢ [Z]

APPENDIX 1. The test-problem list.

Problem 1|
A fourth-order polynomial

function:
fix) = x4/4 - x2/2 + ax

paraseter values: a = 0.1}
dimension: N = |
region: D = ( Ixl £ 10 }
penalization: none
ainimsa in the region D : a global ainisum at
x = -1.04448, where § = -0,.35239,
and another local ainiaus at
x = 0.945465, where f = -0,15264

initial point: X, ® 1

source: suqggested by one of the authors (F.Z1.)
notes: the initial point is very close to the non-global
sinimizer.

ure
t2e: the <ctarting coint 1s 2xactlvy at the nen-gichbal
minimi1zer, nidwav between <he giobal ones.
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The subroutine GLOMTF contains a total of about 4390
statements (including some 150 comment lines). This amounts
on the ASCII FORTRAN compiler (without optimization option,
version 10R1A) of the UNIVAC EXEC B8 operating system (level
37R2C) to a storage requireaent of about 1040 (3J6-bit) words
for the instructions and about 560 words for the data.

The corresponding approximate data for the subroutine
GLOMIP are 330 statements {including 140 comment lines), and
350 and 33 words for instructions and data.

NEDMZND | SFOURICURN LIy (TR i

4. Conclusions

We have provided an extensive set of test problems (inc-
luding the FORTRAN coding) to be used for testing global op-
zation software.

The prospective user may find it useful to exploit a rea-
dy-eade selection of fully coded test problems of known pro-
perties, which may save hia time, effort, and possible coding
errors, while enabling a more uniform cosparison with the re-
sults of other users.
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3. The FORTRAN subrautines

The test probleas described in sect. 2 have been coded in
the form of two FORTRAN subroutines, GLOMIP and GLOMTF .

For a given test problem the subroutine GLOMIP returns
the number N of variables, the initial point Xy and the

observation reqion D , and the subroutine GLOMTF returns
the basic test function ¢ , possibly penalized (outside D )
by the penalization function w .

All the coding is written in FORTRAN IY , and meets the
specifications of PFORT | a portable subset of A.N.S. FOR-
TRAN (ref. [Bl). The FORTRAN implicit type definition for
integers is used throughout; all non-integer variables are
double-precision.

The call statesent of GLOMIP is:

CALL GLOMIP (NPROB, N, XO, XMIN, XMAX)
where

NPROB is the (input) number which identifies the test prob-

: lem according to the sequence in Appendix !
s N 1s the (output) dimension of the problea (nuaber of inde- -
L pendent variables)

N X0 is the (output) N-vector containing the suggested ini-

- tial point X .o
p XMIN and XMAX are (output) N-vectors containing the houn- ;
‘S daries of the observation region D , defined by
o XMINCI) & X(I) & XMAX(I) , I = L,...,N
s The call statement of GLOMTF is:

E’ CALL GLOMTF (NPROB, N, X, FUNZ)

ngiey where

[ NPROB is the t(input) orosblem number (see above!

i N is the (input) oproblem dimension ({must be equal to the !
. value arovided bv GLOMIP )

T { 1s the (input! N-vector cantaining the point ¢ at which

JPH the test +function :s to be computed

t ;' CUNZ 1S the ‘autout! value of the i‘possiblv senalized: test :
b ‘unction at =z '
. .
pn )
F.‘.:,. :
i)
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b
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Therefore a tast problem, such as we provide i1t here, is
defined by

a basic function ¢

an observation region D

& penalization function w, if needed (w = 0 {n D)
an initial point Xy

We think that such an arrangement covers the needs of a
wide spectrum of possible global minimization methods: a tru-

ly unconstrained method will try to minimize ¢ + w in RN,

without wexploiting any information about D , while a con-
strained method will try to minimize ¢ in D , obviously
tqnroring w .

WNe provide a set of 37 test problems complying with the
above format, with varying source, nature, and difficulty,.
A complete definition of the test problems, together with so-
ge relevant information, is reported in Appendix |, where for
esch probles we givel

4) basic unrestricted function ¢

b) numerical values of any parameter in ¢

c) problem dimension N (nuaber of independent variables)

d) observatien vraegion D , which is slways in the form of an
N-dimensional interval

D = { Xmin, ¢ x, & Xux1 v 1= 4,0 ,N )

t) information about the minima of ¢ in D (location of
global minimizers and corresponding #function value,
given to at least % decimal places and at least ¥ signi-
ficant figures, and - whenever possible - analogous in-

g fermation about the local minimizersl,

S g) 1mitial peint

i i
e) penalization function w (if any), which is always defined o
by means of a standard penalization function u of a K
single real variable x { with a > 0, b > 0) b
B
ulx,abym) = b ( Ixl = a)" CIxl > a) 2
= 0 Cixl & a) N
]
9
R

h) source
1) notes, 1§ any,

]
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2. The test problea set

Let us consider the probles of finding a global aminimizer
of a real-valued function ¢ of N real variables, i.e. a

point x* in RN such that ¢(x) 2 f(x*) for all x 1in RN.

In the context of this <(unconstrained) global minimiza-
tion problea to give a test problem simply amounts to give a
test function.

It is however a fact that amany of the global minimization
methods reported in the literature (see for exaaple {11 and
[21) only attempt, by their very nature, to find a global mi-
niasum of the function § restricted to a coepact region D.

While this may be strictly considered a constrained glo-
bal minimization problem, the only practical consequence for
the test-problems builder is that in order to give a test pro-
blema for one of the above methods one aust give a test fun-
ction +{ together with a compact region D .

As far as the above amethods are concerned the behavior of
the test function # outside the region D is clearly irre-
levant, and eay be arbitrary.

Since however our aim is to provide a single set of test
problems 1t is clear that, in order to meaningfully use the
above problems also to test and compare the aethods attemp-
ting to perform a strictly global minimization (see for exam-
ple [71), it becomes necessary that the minimization-relevant
behavior of ¢ be sufficiently "concentrated® around the re-
gion D , i.e. the unrestricted ¢ has all its global aminima
inside D , at most a small number of local aminima outside D
and a sufficiently rapid growth away from D .

Since these conditions are not fulfilled by some of the
test functions actually proposed by some authors (as - for
instance i1n the interesting "oscillating” oproblems in {51},
we have adopted the simple solutien of "penalizing", whenever
neegded, <he original function ¢ outside D , by simply ad-
ding to ¢ a penalization function w which is identically
zere 10 J and of sufficientliy rapid growth away from D .
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o Finallv - since some methcds need a starting ooint - we
:!’v compiete ur definition of a test groblenm hy providing an
1n:tr1al 2210t .
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{. Introduction

The problea of finding a global aeinimizer of a real-va-
lued function of several real variables is of considerable
practical and theoretical interest, and many algorithas for
its numerical solution have been developed; see for exaaple
the two volumes of collected papers [1] and [2]1, and the sur-
vey paper ([31. ]

The situation appears to be still 1in a rapidly evolving
state, and far from the sore mature state reached by the siam-
pler probles of finding a local sinimizer.

While this makes it difficult, and perhaps untimely, to
atteapt a3 systematic classification of the algorithes, it
does not relieve us from the need of testing the current al-
gorithas, both for validation and for cosparison.

The experimental testing of the algorithas is usually
perforaed by running their software iaplementation on a nua-
ber of test probless; a standard set of test probleas is
clearly useful, being of verifiable quality, and allowing a
fair comparison of the algorithas.

The importance of an extensive testing on a sufficient
number of carefully selected test problems has been stressed
by Moré & al. [4], in the different context of local sinimi-
zation.

In the field of global minimization a common set of test
probleas was agreed upon by many of the authors contributing
to {21, and is reported by many of them and in Appendix { of
{31. A number of more difficult test problems were used by
Levy and Montalvo and are described in [S] and [51.

The present authors have been involved in a global aini-
mization project (7], and in order to test their own algo-
rithms they have made use of a large set of test probleass,
including those in (3] and (S1].

The purpose of this paper is to make generally available
the above set of test problems, including their software im-
plementation in the FORTRAN [V programaming langquage.

In section 2 we describe the general pattern of the test
aroblem set, in section 7 we describe the usage of the FOR-
TRAN subroutines implementing the problem set.

3 detarled list of the *test functionse s reported 1n Ap-
pendix !, while the coemplete FORTRAN list is 1n Appendix 2.

,...‘L..A{.
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b) parameter values: none
c) dimension: N = 2
d) region: D = { Ixl « 2, Iyt & 2}
e) penalization: none
§) minima in the region D : a global miniaum at
{x,y) = (0,-1), where f{x,y) = 3
and three other local @sinima, at
Ax,y) = (-0.6, -0,4), where ¢ = 30
{(x,y) = (~1.8, 2), where { = 84
{x,y) = (-1.2, 0.8), where ¢ = 840

g) initial point: (xo, yo) = (1, 1)

h) source: Appendix | in ref, (3]
i) notes: none.

Probles 17
Penalized Branin function

a) function:

o]

flx,y) = {y - BxZ + cx - 6)° + 10 [(1 - §) cosx + 11

b) parameter values: b = 5.1/(4!2), c =3/x, § = 1/(8x)
c) dimension: N =2 .
d) region: D = ( -5 ¢ x £ 10, 0 &£y £ 13}
e) penalization:
wix,y) = ulx - 2.5,7.5,100,2) + ufy - 7.5,7.5,100,2)
f) minima i1n the region D : three global minima, at
(x,y) = (-n, 12.279)
(%4v} tr, 2.273)
{x,v) = ( 3n, 2.47%), wnere ¢ = 9,39789

g) 1ni1tial point: (xo. yo) = (2.3, 7.9)

h) source: Appendix | i1n ret., [3]
1} notes: the function has no non-glopal minima.
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Problem 18
Penalized Shekel function, M = 3

a) function:
M 1
fix) = - > e

where

T
c=1(c1=100.1,0.2,0.2,0.4,0.4,0.6,0.3,0.7,0.5,0.5]

and

N O O NN @D -
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-

o

b) parameter values: M = §
c) dimension: N = 4
d}) region: D = { 0 ¢ x. £ 10, J = 1,000 ,N 3

e) penalization:

N
wix) = > ufx - 3,3,100,2)
o .‘
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f) amainima in the region

(4.00004, 4.00013,
and four other local
(1.00013, 1.00016,
(3.00180, 46.99833,
(5.99875, 6.00029,
(7.99958, 7.99944,

-
“

H

X ¥ X X

g) initial point: xoj

h) source: Appendix 1}

1) notes: the
zers are ver
the matrix

Problea 19
Penalized Shekel functi
a) function: as in pro

b) parameter values: M
c), d), @) : as in pro
f) minima in the region

x = (4,00057, 4.00069,
and six other local
(1.00023, 1.00027,
(2.00481, 8.99148,
(3.00091, 7.00064,
(4,99423, 4.99500,

(5.998t1, 6.90908,
{7.99931, 7.399462,

KX XK XK K X
[ T B I ()

3!y M)y o1}

as in pro

vectors of the

D : a global ainiaum at

4,00004, 4.00013), where ¢
minima, at

1,00013, 1.00016), where §
3.00180, 6.99833), where f
5.99875, 6.00029), where ¢
7.99938, 7.99964), where f

29, j = l,...,N

in ref., [31]

coordinates of the

L]

4 u

y cilose to the first M row

A .

on, M = 7

blea 18
= 7
bles 18
D : a global miniaus at

3.99949, 3.99961), where f
minima, at

1.00018, 1.00022), where
2.00842, 9.99150), where
3.00037, 7.900010), where
3.00606, 3.00683), where
5.99733, 5.99931), where
7.99950, 7.99961), where

blem {8,

b o SRR S SN T

{ LI T SN | S (R [ I [}

16

-10.15320

-3.05320
-2.463047
-2.6B8286
-3.10077

M wminimi-
-vectors of

-10.40294

-95.08747
-1.83759
. 74590
. 72430
-2.75193
-5.10077
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i
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a)

blem 20

function:

d), e) :

o~ e T LT T TR LT T T T R R e LW T ErTEENEYE

as in probles 18

b} parameter values:

M

= 10

as in problema {8

minima in the region

D: a

x = (4.00075, 4.00059, 3.99946,

and nine other local ainima,

(1.00037,
(2.00510,
(3.00127,
(4.99487,
(5.99901,
(6.00558,
(6.99164,
(7.98478,
(7.99948,

h)y i) s

Problea 21
Penalized three-~dimensional Hartman function, N

function:

$ix) = -

where

.00030,
.99129,
. 00023,
.99398,
.99728,
.01001,
3.59558,
1.01224,
7.99945,

N D e

1.00032,
2.00491,
3.00073,
3.00756,
5.99824,
5.00437,

Penalized Shekel function, M = {0

global ainiaus at

3.99951), where
at

1.00032), where
8.99111), where
6.99969), where
3.00667), where
3.99651), where
2.00881), where

5.990646, 3.594460), where

7.98644,
7.99946,

as in problem 18,

M
' c

—

1=

. ij

1.01190), where
7.99944), where

[

f

b Al AT T, T . ST W LT Y

P .
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8]

17

-10.53641

-5.12848
-1.85948
-2.80663
-3.83543
-2.87114
-2.42173
~2.42734
~1.67635
-3.17365




b

c)
d)

e)

£)

h)
1)

parameter values: M = 4

3 10 30
0.1 1o 35
3 10 30
0.1 10 35

1]

0.3689 0.1170 0.2673
0.4699 0.4387 01,7470
0.1091 0.8732 0.5547
0.03815 0.5743 0.8828

ij

dimension: N =3
region: D = ( 0 ¢ xj £ 1, i = 1,...,N
penalization:
N
wix) = D ulx - 0.5,0.5,100,2)
=1
a glébal ainiaua

x = (0.11461, 0.35565, 0.85255), where ¢
and two other local msinima at
x = (0.10934, 0.86052, 0.56412), where ¢
x = (0,36872, 0.11756, 0.26757), where f
initial point: xoj = 0.3, i = 1,00 ,N
source: Appendix | in ref. [3]
notes: none.

minima in the reqion D :

at

-3.86278

-3.08976
-1.00082

18
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Problem 22
Penalized six-dimensional Hartman function, N = 6

a) function: as in problem 21
b) parameter values: M = 4

10 3 17 3.5 1.7 |
.05 10 17 . 1 8 14

>
n
—~
n
—
it

]
]
!
[
{
i
i

1) 3 3.5 1.7 10 17 8
17 a8 203 10 0.1 14
: 0.1312 0.1696 0.5569 0.0124 0.8283 0.5886 :
Pl ) : 0.2329 0.4135 0.8307 0.3734 0.1004 0.9991 :
pij : 0.2348 0.1451 0.3522 0.2883 0.3047 0.6650 :
| |

0.4047 0.8828 0.8732 0.3743 0.1091 0.0381

c) dimension: N = &
d) region: D= {0 &£ x. ¢1, j=14,...,N1

e} penalization:
N
wix) = ‘; ulx - 0.5,0.5,100,2)
D J
1=1
f) minima in the region D : a glehal amainimua at

x = (0.20169, 0.15001, 0.47687, 0.27533, 0.311465, 0.45730)

where § = -3,32237, and another local minimum at
x = (0.404465, 0.88244, 0.84610, 0.57399, 0.13893, 9.038494)
where § = -3.203164

g) i1ni1ti1al point: xoj = 0.3, j = Lyei N
h) source: Appendix 1| in ref. (3]
1) notes: none.




Problem 23
Penalized Levy-Montalvo function, type 1, N = 2

a) function:

2 2
fix) = (n/N) { 10 Sin‘(wyl) + (yN- 1+

N-1
<~ 2 2
LA ly = 1) [1 + 10 sin (ay_ )1}
‘f-' i J+1
i=1
where yj =1 + (xj- 1)/4, J = L,...,N

b) parameter values: none
c) dimension: N = 2 )
d) region: D = ( -10 £ xj £ 10, J = 1,...,N ’

e) penalization:
N

wix) = J; ~ulx ,10,100,4)
i=t
f) ainima in the region D : a single global minimum at

xj =1, i =1l,...,N, where ¢ =0

and a number of local minima of the order of SN

g) initial point: xoj = 0, = 1,...,N

h) source: ref. [51]
1) notes: three-dimensional plots of f are given in. [51].

Proolem 24
Penalized Levy-Montalvo function, tvpe 1, N = 3

al, b) : as i1n problem 23 '
c! dimension: N = J
d), e), ¢y, g}y, h}, 1) ¢ a3s in problem 23. 1
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Problea 25
Penalized Levy-Montalvo function, type 1, N = 4

al, b) : as in problea 23
c) dimension: N = 4
d)y, e}, £}, g}y, R), i) : as in probleam 23,

Problea 26
Penalized Levy-Montalve function, type 2, N = 3

a) function: as in problem 23, but with
LA P i = 1,...,N

b) : as in problea 23
c) dimension: N = §
d), e) : as in problea 23
f) ainima in the region D :

a single global minimum as in probles 23,

and a number of local minima of the order of ION
g)y, hl, i) : as in probles 23.

Problem 27
Penalized Levy-Montalvo function, type 2, N = 8

a), h) : as in problea 24
t) dimension: N = 8
4), e), ¢#), g), h), 1) : as in problem 26.
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Problea 28
Penalized Levy-Montalvo function, type 2, N

10

aj, b) : as in probhlea 24
c) dimension: N = {0
d), e}, £}, g}, h), 1) : as in probles 24.

Problea 29
Penalized Levy-Montalvo function, type 3, range 10, N

1]
[ ]

a) function:
f(x) = 0.1 ( sin2(3x x,)

1
+ (xN - 1)2 (1 + sinz(ZR xN)] +
N-1 ) 2
+ “; {x -1 [1 + sin (3x x_ )11}
‘fj 1 i+l
l:

b) parameter values: none

c) dimension: N = 2

d), o) ¢ as in probles 23

f) minima in the region D : & single global minimum at

xj = 1, j=1,...,N, where { =20
and a numbher of non-global minima of the order of 30N

g), h), 1) ¢ as in probl. 23.

Problea 30
Penalized Levy-~Montalvo function, type 3, range {0, N = 3

a), b} ¢+ as 1n problem 29

¢} di1mension: N =3
4:, e+, #', 32, hi, 1} :+ as in problem 29.
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Problea 31
Penalized Levy-Montalvo function, type 3, range 10, N = 4

a), b)) : as in probles 29
c) dimension: N = 4
d), e), £}, g), h)y, i) ¢ as in problem 29.

Problea 32
Penalized Levy-Montalvo function, type 3, range 5, N = §

al, b) : as in problem 29

¢c) dimsensicon: N = §

d} region:

d) region: D = ( -5 ¢ X 4 5, i = 1,0..4N?

e) penalization:
N .

wix) = iti uix ,3,100,4)
‘T:] 1
) sinima in the reqion D :
a single global einimum as in problea 29,
and a number of local minima of the order of lSN

g), h), 1) : as in problem 29.

°roblem I3
Penalized Levv-Montalvo function, tvpe 3, range 5, N = §

4!, 3! : 1% in arasolem 32
I, 3i1nensian: o= 5
1 2/, - . 2r. 7Y, 1: ¢ as 1n problem IT.
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Problem 24

Penalized Levy-Montalvo function, type 3, range S, N = 7

al, b) : as 1n problea 32

c) dimension: N = 7

d), e}, f), g), h}, i) ¢ as in problems 32.

Problem IS

A tunction with a cusp-shaped minimum

a) function:

3
< 2 1/4
fix) = ( 2 Jox )
1=1

b) parameter values: none

c) dimension: N = 3

d) region: D = { -20000 ¢ xj £ 10000, J = 1yeea N2

e) penalization: none

#) minima 1n the region D : a single global miniaum at

xj = 0, J = ly...,N , where ¢ =20

g} 1nttial point: xoj = 1000, J = 1,...,N

h) source: suggested bv one of the authors {Y.P.)

1) notps: non-dit+erentiable problem: the only f(global) mini- .
mizer 1s a singular point with unbounded derivati- <ﬂ
ve; the eigenvalues of the hessian matrix are o- =]
vervwhere of mixed sign. .
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Froblem lé

A function with a global miniaum having & small region of at-
traction, a = 10, N = 2

a) functiong

$0x) & Axli“ = (C « R) gix)

uhere
gx) = exp ( -8/ (B2 -81)) (8 ¢bd
-
. 0 (§ a b~
S = ix - ct?, c = ac2?
and
x = (xl b KXo veeey Xy )y c = (a, 0, O0y.0,y 0)

b) parameter values: & = 100, b = i, h= 10
t) dimension: N = 2
d) regioni

D= { -1000 ¢ Xy & 1000, Jo 1. yN}
®) penalization: none
¢) minima i1n the region D : a single global minmimum at
x » (99,9900t, 0), where ¢ = -10,99883
and another local einieus at
x = {0, 0), whare ¢ = 0

g) initial point: X, " (0, 100)

h) source: suggested by cne of the authors (F.A.P,)

1) notes: the perturbation to Hxlz, which contains the glo-

bal sinimum, is "vasitble" only in a seall neigh-
Sorhood 24 the point ¢ .,
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Problem 17
A function with a global minimun having a small region of at-
traction, a = 100, N = 3

a) functiont as in probles 36
B) parameter values: a s [0, b = I, h = 10
) diagensiont N =

d) r.qlcn' D L ( '100 [ XJ. & 100' J L 1,0.0'N )

e) penalizations none
f) minima in the region D : a single global minimuae at
x & (9,91082, 0, 0, 0, 0), wnere = -10,89732
and another local minimun at
x = (0, 0, 0, 0, 0), where ¢ = 0

g) initial points X, ® (o, 0, 0, 0, 10)
hYy 8} 1 as in probl. 36.
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APPENDIX

FORTRAN listing
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41

¥ = 5 6LIP2860

vJ = 1000.DJ GLIP2BT?

VNIN = -ZJ000.D0 6LIP288

vaax = 1300Cap0 6L1p2890
Gu 10 el GLIp2900
C GLIP2910
C T5 A FUNCTION wITH A SMALL-ATTKACTION-REGION GLOBAL MINIMUR (N = 2)GLIPZ2920
C GLIP2930
363 CONTIMUE GLIP2940
o= 2 BLIP295D
x1.(1) = 0.00 6LIP2960
xCt2) = 1G%.00 6L1p297g
vaIN = -1000.00 6L1p2980

vaaa = 190C.p0 6L1p2990
30 10 00 6L1p3000
C 6LIP3010
C 17 A FUNCTION wITH A SMALL-ATTRACTION-REGION 6LgBAL MINIMyM (N = 5)6LIP3020
. cL1P3030
177 CONTINUE GLIP3040
N - S 6LI1P3050
xdC1y = 0.00 eL1P3060
x0(¢) = 0.0 GLIP3g7g
X0€3) = 0.0 6L1P3UB0
xJ(s) = 0400 6L1p309,
XG(s5) = 1G.00 6L1p310g

VAIN = =-700.00 eLIp31?

vmax = 100.00 sL1p31ZB

GO 10 700 GLIP313

C GLIP3IA
7.0 CUNTINUE 6LIP31SD
buU 713 1 = 1.n GLIP316g
AMINCI) = wAMIN SLIP3T17Q
ARAX (L) = vMAX 6LIP318

74n CONTINUL 6LIP3190
RETURN eLIP3200
4 6LIP3210
¢LD CUNTINUE 6LIP3220
DV A1J L = 1.8 SLIP3230
AMINCI) = V™IN sLIP3240

AuAX (1) = VMAX GLIP3250
510 CONTINUL 6L1P3240
d 6LIP2270
7. CONTINUE GLIP3I2RO
sU 412 1 = 1,N GLIP3IZ9Q

(L) = GLIPZ300
517 CINTINUL GLIP331C
RLTURN GLIP332p

[} GLIP3330
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60 70 315§

23 PENALIZED LEVY~MONTAL SO FuNLTION, TYPE , (N = 10)

207 CONTINUL
L JEPU IV}

69 10 ®15
29 PEMALIZ2ED LEVY~MONTALVYO FuUNCTION, TYPE 3, RANGE = 10 (N = 2)

290 CONTINUE
& =2
50 10 *19$

TS PENALIZED LEVY~MONTAL O FUN_TION, TYPg 3, RApGE = 10 (n = 3)

T00 CoMTInUe
“ .3
60 10 319%

31 PEMALIZED LEVY~RONTAL VO FUNCTION, TYPE 3» RANGE > 10 (= &)

310 CONTINUE
LI

315 CoNTINUE
v0 = 0.00
VAIN = -10.02
vaAax = 10,00
80 10 820

32 PENALIZED LEVV-RONTAL VO FUNCYION, TYPE 3, RAgSE = 5 (n = 35)

320 CORTINUE
LS
€0 10 3aS

32 PENALIZED LEVY-MONTAL VO FUNCTION, TYPE 35 RANGE = § (N = 6)

330 CONTINUE
N =4
60 70 345

34 PEMALIZED LeVY~MONTAL SO FUMCTION, TYPE 3, RANGE = 5 (w = 7)

347 CUNTINWUE
$. . ?

3647 CONTINUE
Ve = :-J:
VOIN = =5,0]
veax =z S,0%
Su T0 TL3

TTOB FUNCTIAY oITH A SINLLL WUoP-SHAPrp MiNiqUn (= 3)

TLY LuNTINUE

40

6LIP2290
6LIPZ300
6LIP2310
6LIPZ2320
6.1P2330
6LIP2340
SLIP2350
sLIP2360
6LIP2270
6LIP23%0
6LIP2390
GLIP24nQ
6LIP2410
GLIP242Q
BLIP243)
gLyP2440
GLIP24SO
GLIP2460
SLIP2AT0
aLIP2480
SLIP2490
§LIP2500
sLIP2510
GLIP2520
BLIP2530
GLIP2S4D
BLIP2550
6LIP2560
6LIP2S70
SLIPZSBD
SLIP2590
SLIP2600
gL1P2610
SLIP2620
6LIP2630
ELIP2640
ELIP2650
6LIP2660
GLIP2470
GLIP26%Q
6LIP269p
éLIP2700
eLIP271Q
8LIP27220
ghLIP2730
SLIP274Q
GLIP27%0
GLIP278Q
8LIP27270
GLIP27%0
6LIP2790
SLIP28O3
SLIPCIIO
5L1P2820
SLIP28Y0
GLIPZ 24T
3LIP2¥5S0
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C 19 PENALLIZLD SHEKEL FUNCIIGN, M = 7 (N = &) 6LIP1720 1
c GLIP173g g
157 CONTINUE GL1IP1740 9
¢ SLIP17SQ —
4 20 PEMALIZED SHEKEL FUNCTIONs, R = 10 (N = 4) GLIP1760 ‘
¢ cLIP1770 NE
20T CONTINUE 6LIP178Q -
L TS &LIP1790 -’
¥l - 9.00 GLIP1800 A
vAIN = .00 6LIP1810 e
VAAL = 10.00 SLIP1820 "o
GO 10 R3O0 GLIP1830 =
¢ SLIP1840 q
(4 21 °CEMALIZED THREE~-DIMENSION,L HARTMAN fUNCT0y () = 3) GLIP1850 .
C cLIP18S0 ]
217 CONTINUE GLIP1870 T
N T 6LIP1880 4
63 T0 229 SLIP139D .
[4 GLIP1900 -
(4 22 PENALIZED SIX-DIMENSIONAL WARTNAN FUNCTION (N = 4) GLIPT910 =]
c SLIP1920 |
227 CONTINUg SLIP1930 R
N =5 GLIP194] 4
225 CONTINUE GLIP1950 .
v0 = J.500 SLIP196Q
valn = G.p0 SLIP197g
VRAR = 1.00 SLIP198g o
50 TO 800 GLIPT99g ij
4 6LIP2000
4 23 PENALIZED LEVY-MONTAL WO FUN TION, TYPE 1 (4 = 2) 6LIP2010 ik
< 6LP2020 -
217 CONTINUE 6LIP2030
N -2 SLIP2040
30 10 315 cLIP2050
C GLIP2060
4 26 PEMALIZED LEVY-MONTALYNO FUNMCTION, TYPE 3 (N = 3) 6L1IP2070
c eLIP2080
247 CONTINUE SLIP2090
N =3 6LIP2100
60 1O 31°S 6LIP2110
C SLIP2120
c 25 PENALIZED LEVY-MONTALVO FUMCTION, TYPE 1 (y = &) © BLIP21%D
C pLIP2140
2S" CONTINUE 6LIP215C
LS 6LIP2160
533 19 T1S 5L1P2170
[ 6LIP2180
< 2¢  PENALLIZtD LEVY-SONTAL ¥O FUNCTION, TYPE _ (N = §) GLIP2190
C 6LIP220QC
ol COMTINUE BLIP22T0
8 o= 6LIP2220
Su 10 1% GLIP221%0
N BLIP2240
C SO TONALLTID LIVY-MONTAL WO FUN(TL1O%, TYPE 2 (y = 8) 6L1P2250
< gL1P2260
YA AVLE B EPIVIS 6LIP2270
. 5LIP22%G
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[a N aXal [alal

[N aNul

(2 RaXal

[N aNal

[al

S e

*L N FUNCTLION wlTH
1.7 CONTINUE

11 A FUNCTICN «ITH
117 CINTINUE

1. A FUNCTION =ITH
1.7 CONTINUE

13 A FUNCTICN wITH
112 CONTINUE

T4 A FJUNCTION #ITH
143 CUNTISUE

15 A FUNCTION wITH

150 CONTINUE

. .2

lo(t) = 0.00
XG(2) = Oobg
XRIN(1) = -10.40
TAAX(1) = 10.00
mIn€2) = =123.20
xax(2) = 13J3.90
RLTURY

1o GOLOSTEIN-PRICE

146C CONTINUE
‘=2
vu = 1.00
yRIN = -2.00
VRAX = (ed)
G0 10 920

THREZ

THREE

THREE

THREE

THREE

THREE

FUNCT ION

TLL-CUNDITIONED “INIWA,

TLL.CONDITIONED VWININA,

IWL-CONDITIONED MINIMA,

ILL.CONDITIONED WINIMA,

ILL-CUNDITIONED MINIMA,

TLL-CONDITIONED RINIRA,

17 PEVALLIZED IRANIN FUNCTIUN

177 CINTINUE
N .

xy€ly - RIPREN
C30) = 70590
MENCTY = =54p7
CNARC(TY = 13,07
AINC.) = TeDu
Ceax(, ) = 15400
EX3 S I
! PEMALLILY ThERE L

FUNC T U,

(6 = 2)

(8 = 2)

A=1Cee2

A=10e#3

A=10ee4

A=10nes

A=1(Qesg

(N

(4]

(1]

[$.]

(4 ]

2)

2)

2)

2)

38

sLIPI1SO
SLIPT160
eLIP117D
8LIP1183
GLIPT1190
6L1P1290
sLIPT1210
sLIP1220
sLIP1230
5LIP124D
6LIP1250
sLIP1260
sLIP1270
6LIPT280
6LIPT2%90
GLIPT1320
sLIP1310
6LIP1320
sLIPT1330
SLIP1340
GLIP1350
eLIP1360
6LIP1370
6LIP138O
GLIP1390
&LIPg490
SLIPTIAID
SLIP1420
GLIp1430
GLIpT144D
GLIP"SO
GLIPT&ALD
GLIPT4/0
6L1P14AB0
6LIPT4A90
§LIP1520
sLIP1510
6LIP1S520
6LIPT530
6LIP1IS540
SLIP1SSD
SLIPISSL
gLIP1570
BLIP1580
sLIP1590
6LIP1630
6LIP961%0
GLIP1620D
5LIP1830
6L 1p1640
6L1p1650
GL1pt660
SLIP1673
6LIPTS®C
sL1P1692
GLIPY720Q
SLIPY71D
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[a o]

[al

[aNal 2N a2l

L)

17 CoNTINUE
N2
Yu - Je00
vOIN = =10.20
vmax = 10.230

5CT0 100
& A FOURTH OROER POLYNOAI L IN THO VARIAB ES

&7 CONTINUE

v .2
X0C1y = 1.20
RGO2) = 0,05
VAIN = =10.52
vRAL = 12,00
50 10 7C0

S A FUNCTION wITH A SINoLt ROw OF LOCAL M NInA

50 COMTINUE
N o= 2
x0(1y = -3.80
X0(2) = 0.09

IMINCE) = -15.p0

AIMAXCY) = 25.00

ININ(Z) = -5.00

ARAX(2)Y = 15.00 _
RETURN

6 SIX-HUMP CARMEL FUNCTION (N = 2)

57 CONTINUE

v .2
vg - J.00
xRINC1) = -3.p0
XMAXCI) = 3.D0
XMINC2) = =2.00
XMAAC2) = 2,00
60 10 9GO

"32)

(g =

7 TwO-DIMENSIONAL PEMALIZED SWUBgRT fFUNCT [ON, BETA =

77 CONTIRMUE

Z TeO-0IMENSIOMAL PENALLZED SHUBERT FUNCTION, BETA =

30 CuNTINUE

r Twd-0IMENSTUNAL PENAL .ZcD SHUBERT FUNCTION, BETA

27 CUNTI UL

v. . Jebl
LS TR S T
P22 S R IV

N

v

2)

0 (N =27

172

(N = 2)

37

SLIPOSAD
6LIP0590
6L1pP0600
6LIPOA10
6L1P0620
6LIP0630
6LIPO64D
6LIPQ650
gL1PO660
SLIPO670
GLIPOGSO
6LIP0O690D
6LIPQ700
GLIPO710
§LIPQT720
6L1Ip073g
GLIPD740
6LIPO7S0
6LIPO760
6LIPO770
GLIPOT780
eLIPO790
GLIPp8QD
6LIPO810
GLIPOB20D
6LIp0830
CLIp0840
6L1p0850
GLIPDALD
6LIPOB7D
6 1P0880
CLIPOBPO
6LIPOS00
6L1P0910
6LIP0920
6LIPO930
SLIPO940
6L1Ip0950
6.1p0960
6LIPO970
SLIPO98O
gLIP0990
GLIPID0NDO
SLIP1QYD
sL1P1020
6LIP1030
SLIPI04D
sLIP1050
GLIP1060
6LIP1070
6LIP10B0
GLIP1GS0
6LIPYI00
6LIPTITO0
GLIPY12D
GLIPT1T0
SLIPT1I4O
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SUBROUTINE GLORLP (NPROB, N, AT, XMIN, XMAX)
-
¢ THE SURKCUTINE GLOMIP PROVICES THE CODING FOR THE NUMBER
¢ OF VYARTABLES, THE INITIaL PLIANT, AND THE UBSERVATION REGION
4 TC 9f USED, TOGTHER wITH TnE 17 TEST FUNCTIONS GIVEN PY
o SUPRIJTINE GLOSTF , TO DLFuNc 37 TEST PROBLEMS FOR GLOBAL
EI ¢ WIN, ¥, ZAT[Oy SqFTwAgE.
<
o C THE SUARQUTINE GLORIP RcTURNS IN N , X0 , AyD XMIN ,
T < AMAX  THE NUMBER OF VAR AbLeS. THE INITIAL POINT, AND THE
. 4 BOUNDARIES OF THE OBSERVATION REGION.
4
4 CALLING STATMENY
< CALL GLOMIP (NPROB, Ny Xu, XRIN, XMAX)
4
I c DESCRIPTICN OF THE CALL PARAMETERS
c (THE FORTRAN IMPLICIT TYPE DEFINITION FOR INTEGERS IS USED.
C ALL NON-INTEGER PARAMETIERS ARE DOUBLE~PRECISION).
4
C NPRCE IS THE (INPUT) wUMgiR OF THMg TEST PRO3 Em To BE
4 CONSIDERED
g c L] IS THE (OUTPUT) NUMBER OF VARIABLES (DIMENS1ION) OF
) c THE PROBLEM
(4 XAIN , XMAX ARE THE (QUTPUT) N-VECTORS CONTAINING THE LEFT
4 AND RLEHT BOUNDARIES OF THE OBSERVATION REGION
3 DEFINEp BY TRE POINTS X = (XTy0eceXN) SUCH THAT
. c XRINCI) JLE. X(I) LLE. XRAX(]), ) 4 1..-."
) (4
y DOUBLE PRECISION XO,XMIN,XRAX
) DOUBLE PRECISION VO,VAIN,VRAX
c .
l DL®ENSION X3 (1) ,XRINCI) ,XMAXCY)
: €
60 10 (10, 20,30,40,50,60+70,80+90,100+71109120,130,140,150,
1 160,17 3,180,1900¢009210+220,230,240 25D0,260,270,230,
- 2 290,308,310,320, 330,340+350,360,3705 ,nprOB
: [«
c 1 A FOURTH-QRDER POLYNORI,L (8 = 1)
c
! 310 CONTINUE
i =1
vo = 1,200
vain = =-10.00
VRAX = 10,00
60 TO 300
4
) c C GOLDSTEIN SINTH ORDER POLYNORIAL (N = 1)
- c
T CONTINUE
¥ -1
vy = J.p0
JAIN = —4o03
VAAX = 4.D0
Z0TC 4030
) - IOANS-DIENTIUVAL PLNAL ,ZiD SHURgRT rUNCT{ON  (y = 1)

LA o e A T T A N
RPN « . . f -

36

6LIPOO10
6.1P0020
6L1P0030
G6LIPOOAQ
6L1P00S0
6LIPND4D
6L1P0070
6LIPOOSO
6L1PD0%0
gL7P0100
sLIP0110
6LIPO120
6LIPO130
6LIPO140
6LIPDISO
5LIP0160
6LIP0170
6LIPg180
eLIP0190
6LIPN200
gLIP0210
sLIP0220
6LIPC230
6L1IP0240
sL1PD250
6LIP0260
sLIp0270
sLIPC280
sLIP0290
6LIPO300
6LIPC3T0
6LIP0320
SLIPO33O
GLIPG340
6LIPQ35

GLXPB}G

SLIPO3?0
cLIPQ3RO
6L1p03%90
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- FUNZ T FuNM*D3LECF_TaATCI))ex (1) ox(1) GLTFLGTQ -
ML AVE'S § ST VH 6LT§4020 d
FUNZ = uSaRT(DSGRICFUNI)) GLTF40YD q
SLTLAN GLTF4040 o
c GLTF4050 s
. C Ty A FUNCTION wlTH A SHALL-ATTRACTION-REGION GLOBAL MINIMUM (N = 2)6LTF4060 ol
. C 6LYF4g7g -
153 TONTINUE GLTF4QJ80 o
. W = PToA SLTF&Q9QD -
. WP = Pl GLTF4100 -
, 4 = o16¢ GLTF4110 !
OYND . PTeD GLTF&120
50T0 173 GLTF41%0
[ GLTF4140
o T? A FUNCTION SITH A SMALL-ATTRACTION-REGION GLOBAL WININUM (N = S)GLTF&T1Z0 .
) ¢ GLTF&16 i
PP OCUNTL e GLTF&17 'W
PG = PI7A GLyFA18g -
- RP = PY78 GLTF&190 !
- W = P37C GLTF4220 ;
PUND . PT7D 6LTF4210 -
37 CONTINUE 6LTF4220
. s = .00 GLTF4230 ,
. D0 377 1 = 2,k GLTFA24 5
- S = S+x{p)ex(1) GLTF&2S n
. 377 CONTINUE GLYF42560 _j
FUNZ = S+x(1)ex(1) GLTFA27)
G5 = S+(a(1)=R3)ae? GLTF428Q0 !Q‘
a if (S.LT.RP*RP*PUND) FUNI = FUNZ-C(RG*RG#H) e cXP(-S/(RP*RP-S)) 6LTF429p -
RETURN 6LTF4300
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PutNd 2 104DUeLSaN(PLOY (1)) 2 al e(Y(n)=1,DC)as?

Be 227 LFlan

FUNZ = FUN2Z#(Y(I=1)-1,,0)0826(1.0C+10.00eD5IN(PIoy(1))na2)

ur CuNiINUL

FLNd = FUNZAPL/OBLE(FLOATIN))

TANGE = 1L .00

G0 10 347

o

DO FUNALLZLD LEVY-MONTAL O FUNCTION, TYPE 3, RANGE = 1C (N 2)
L CUNTINUE
U PENALIZED LEVY-MONTAL WO FuN _TION, TYPL 3, RApNGE = 10 (N = 2)
1o CUNTINUE
31 PENALIZEC LEVY-MONTALVO FUNCTION, TYPE 3, RANGE = 10 (N = &)
510 CONTINUE
RANLE = 1ueDO
Ly 10 342
T, PENALLIZED LEVY-MONTAL O FUNCYION, TYPE 3, RANGE = § (N = 5)
T CLNTINUL
T3 PENALIZED LLVY~MONTALVWO FuN TIONy TYPE 3, RANLE = 5 (N = 6)

12D CunTInuE

T4 PENALLIZED LEVY-MONTAL VO FUNCTION, TYPE 1y RANGE =

[
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=z

]
~
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3405 CONTINUE
YANGE = S.DU
1.0 CuNTINUE
FUNZ = USINCT,DUsPIsX(1))asn,
1 (XINYI=1,0U) 2028 (1, ,DLtUSINI2.DD*PIeX(N))ns2)
e 24 L=daN
Fuie? = FUNEo(X(I=1)=1ebCIv»22(1 DC¢DSIN(3.DQsPLloX(]1))eea?)
Tat Cus tilt
FoNs = FUN29Z,100
1T O CUNTINUL
Du s b = Ty
L CuACS(X (1)) eGTeRANGE)
1 Fune - BUNZOPENFUW(,C4) JRANGE ,10C.00,4)
To b CuMTINuL
RoTuwae

A FULNLTLION «TTH A SIauble LUSP=SHAPFD MpulaUm (N = 5)
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GLTEI430
GLTF2640
GLTFI4&50
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GLYF3670
6LYF3480
GLTF3490
6LTF3500
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GLTFZ530
GLTF3S40
GLTF3550
CLYF3S60
GLYF357g
GLYF35840
GLYF359¢g
GLYF*600
cLTF3610
GLYF3620
GLTF30630
GLYF3640
GLYF3650
GLYF3660
6LTF367)
GLTF36B8g
GLTF369Q
GLYF3700
GLYF3I7q0
6LTF3720Q
GLTF3I730
GLTF3I740
cLYF3750
GLTF3?60
6LYF3770
GLYF3780
6LTF3I79¢g
GLYF3800
6LYF387p
CLYFEBQJ
GLTfEGSQ
GLYF2B840
GLYF3850
6LYFY860
GLTFI87;
6LTF388Q0
GLTFI890
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L 213 1 = 1,N
G2 S=PLTACl yd)aaly) =P lb(]J))ee?
P LU TiNUE

iF (LeUEePCTL) FUNZ = HUNZ_PCTICC(1)20EXP(S)

S17 CCy TIaUE
6o 10 207

de  PENALLZED SIX-DIMENSIUN,L HLRTMAN gUNCT;ON

et CunTInug
“ 4
Fupc <
Ve eca |
s T Jeww
wl Tl 0 = 1,6
S = S=P22A(1,4)2(Xx(J)-P2b(1lyd))ne2
2 CONTINUE

1F (5.6E.Pc20) FUNZ = FUNZ-P22C (1) *DEXP(S)

e CUNTIzUE
o7 CuNTINnUL
GO 2¢9 1 = TgN
IF (LABSIX(T)-0.500) 6T.ua500)

(n

1 FUNL = FUNZYPENFUN(2(1)-0.500,0.500,100.,00,2)

2.9 CUNTINUG
Re TudN

25 PrNALLZeD LEVY-MONTALVO FUNLTION, TYPL
25" CONTINUE

24 PENALIZED LEVY-NONTAL VO runttxou. TYPg
24C CONTINUE

D% PONALI2ED LEVY-MONTALVO FUNCTION, TYPE
TTD CUNTINUL

9C ¢55 1 = 1,N
Y(i) = 1.0.40.25000(CaC1)-1.00)

2.° CCNTlwUL
Ly 19 2eS

"o PENALIZcD LEVY~-MONTALVO FUNCTION, TYPE
cs” CONTINUR
YT OPLNALGILD Lo VY-MONTAL O FUN  TIONy TYPE

cre CCMNTInbe

FLruall2el LeVY=-"ONTAL VO FUNLTION, TYFL
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GLTF2860
GLTF2870
6LYF2g8e0
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6LYF3000
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¢ 1L SULISTELN=PRICE FUNCTLIN (N = Q) GLTF22%0 -
c 6LTF2300
1.7 CONTINUE 6LTF2310
U = X(T)ex(cd*1 Dy 6LTF2320
V = 2s0C*a(1)-T.0Jex(2) 6 TF2330 -
Uy = ury GLTF2340
YV = VeV BLTF225S0
FUge = (TaBud,yr(36.00=0e0,0u43.00,UU)) SLTF236
1 ¢ (3.0 vvVe(12.D0=160purve3p0rvVY)) 6LTF237
RETURN & TF2380
d 6LTF2390
c 17 PcNALIZLD ZRANIN FUNCTION (N = 2) GLTF2400
4 SLTF5>.10
120 CONTINUE currddo
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(4 eLTF2520
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o SLYF256
C 19 PENALLIED SHEKEL FUNCTION, R = 7 (N = &) GLTF2570
c ¢LTF2580
57 CONTINUE SLTF2590
n o= 6LTF2600
69 Tp 207 6LTF261 .
C 6LTF262
< 20 PEMNALIZED SHEKEL FUNCTION, ® = 10 (N = &) 6LTF2630
c ¢LTF25640
2.l CONMTINUE 6LTF2650
= 19 GLTF2660 -
4 SLTF267
203 CONTINUE GLYFZOBB
FUNZ = Le0D 6LyF269g
00 <77 1 = 1,A 6LtF2790
s = P2II) 6LTF2710
80 229 3 = 1,% G TF2720
S = SeUxUII-P2nACied))wse2 GLTF2720
U7 LONMTINUE GLTYF2740
FUNZ = FuNe = 1,00/ GLYF2750 .
A R P 6LTF276p ==
A SR PR GLTF2770 N
DF (0AGSEXUI)=S.03) saTa5aDu) SLTF2780
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0% INTINUe 6LTF2800 o
L TuF N GLTF2810 S
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30 T SC*DL0COSC(DI+1aud)eaci)edl) . GLTF1720
%5 CONTI UE 6LTF1730
FUNL = FURZ+S1es2 GLTF1740
IF (DARS(X(1))¢5T.T0.00) FUNZ = FUNZ*PENFUNCX(1),10.00,100.00,2) GLTF175g
iF (DAGSIX(2))e6Ta1GeD0) FUNZ = FUNZ*PENFUN(X(2),10.00,100.00,2) 6GLTF1760
RETLRY 6LTF1770
¢ GLTF1780
C 15 A FUNCTICN wITH THREE ILL-CUNDITIONED MINIMA, A=10 (N = 2) GLTF1790
C GLTF180
1.0 CONTINUE 6LTF131
a = 1.0 6LTF182p
2 = 1,0-1 6LTF183p
6G 1O 155 6LTYF184¢g
C 6LTF1850
C T1 A FUNCTION oITH THREE ILL-cUNpITIONED MiNipA, A=10#e2 (N = 2) GLTF1860
c LT§1870 :
113 CCNTInUE 2LTF1880 R
A = 1.02 6LTF1890 :
= 1,0-2 GLTF19 3
. G0 TO 155 GLTF1998 9
4 6LTF1920 ‘]
¢ 12 A FUNCTION WITH THREE ILL- ON ITIONGp M NigA, A=10%e3 (N = 2) GLTF1930 -
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120 CONTINUE 2L7'1950 )
A= 1,02 GLTF1960 )
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60 TO 15% GLTF198 4
4 6LTF1990 e
3 13 A FUNCTION WITH THREE ILL-cOMQITIONED MiNinAe A=10%+4 (N = 2) GLTF2000 3
4 ghTr2010 P
150 CONTINUE . 6LTF2020 N
A = 1.D6 CLTF2030 4
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157 CONTINUE 6LTF2160 1
A = 1,00 SLTF2170
3 T 1,0-6 6LTF218
h ¢ 6LTF219
. 195 COvMTINUE GLTF2200
:. X = x(1)ex(1) 6LTF2219
- YY = A()ex(2) 6LTF222C
- L = xXevy GLTF2230 ¢
3 %4 = Kl8R GLTF2240
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e C GLTF1150
ShCLNT g GLTF1160
s FUNS - LeoD GLTF1170
L Du S 1 T 1,5 . GLTF1180
ER wi ° DbLL('L;AT(l)) GLTF1190
o FUNZ = FUN{tuIapcO3((pl*+1.00)*x(1)+D1) 6LTF1200
X TS CCNTINUL 6LTF1210
: TF (SA3LCa(1)) GT _10,00) FUNZ = FUNZI®PENFUN(X(1),10.00,100.00,2) GLTF1220
I RLTURN GLYF1230
4 GLTF1240
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S 4 GLTF1260
" o7 CUNTTINUC 6LYF1270
‘ L W A(l).l(T) GLYF1280
Yy = a( )ex(?) GLTF129p
FUNS = UedSL axXeaX=0,5 Caxa+prlAex{1)+0.500nYY GLTF1300
e TuRN 6LTF1310
! ¢ GLTF1220 -1
. C © A FUNCTION wITH A SINuLt kOW OF LOCAL MINIMA (N = 2) SLTF1330 -]
.- C 6LTF1340 -4
A <) CONTINUE GLTF1350 R
} } Fuhid = CaSDCo(PIA2X(1)84(1)+1.,00-0C05(2,00*XC(1)))+X(2)e0x(2) GLYF1360 K
S RETURY 6LTF1374 .
v c GLTE1380 &
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[ GLTF1I.00 4
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- XX = allyadel) 6LTF1420 N
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;o RETURN 6LTF1460 - d
M) C GLTF1470
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O c GLYF1490
T /0 CUNTEInUC 6LTF1500
o ACTA . uvaeb0 6LTF1510
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N C GLYF153Q
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9. C GLTF1550
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DATA Pl 71414155205350529.2.86L00/ GLTFOS8D
DaTa Pla ,C 00y 6LTFOS59C
JRTA FLA 1L.Y.TY GLTFO600
Bhayn pSa fnal007 6LTFD,.10
dhpm pbA Loal00/ GL1f0220
JATA P9, 4PO, /=1.425128420219760970800,-n.89032115047197212466037 GLTFO630
YATA PTI7A 110750354 6LTFno4g
DATA P2UA 76.00,1.0040eu046.0uUp2eD0,2.0095e00,8.D09640p047p3s 6L TFI650
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DATA PIUB Z7Ue1DU033e2D0puedDusuebply0.4pls0.600,0.300,0.700, GLTFD6YO
1 ~eS500,0450L07 cLTFO700
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SUCKOUTINE GLCMTF (NPROB, Ny &y FUNZ)

"hHE TuiEmCUTINE CLOMTF  FAROVIOES THE (ODING CF 37 SPEAL-VALUED
FUNCTIONS 0OF N REAL VYaRiAolerS, TC BE USiD,s TOGETHER WITH THE
SUL3RTLTINE  ZLOMIP , TO DeFiINg 27 TEST PROBLENS FOR GLOBAL
MINI®iZATICN SOFTWARE.

THE CUBROUTINE GLOMTF RETYURNS IN fUNZ THE FUNCTION VALyYE
AT THe POINT X = (XV1,XcseeeyXN) FOR THE FUNCTION DEFINED gY
PuOBLLEM NUMpER NPROB

CALLING STATEMENT
CALL GLOMTF (NPROB, N, X, FUNZ)

DESCRIPTION OF THE CALL PARARETERS
(TaE FURTRAN IMPLICIT TYHE DEFINJTICN FOR INTEGERS IS USEDa
ALL NON-INJEGER PARAMETEAS ARE DOUBLE-PRECISION).

NPRCS IS THE (INPUT) TEST-PROGgLeM NURBER
N 15 THE (INPUT) DIMENSIONM OF THE PROBLERM
X IS AN (INPUT) N-VECTOR CONTAINING THE INDEPENDENT VARIABLES

FUNZ IS THE (OUTPUT) VALUE AT X OF THE FUNCTIOMN DEFINED BY
PROBLEM NUMBER NPROo .

DOUBLE PRECISION X
2GUslt PRECISION FUNZ

DOUBLE PRECISION PI
poudLe PRECISION PTA

DOUBLE PRECISION PéA

DOUVELE PRECISION PSA

"LUBLL PRECISICN PGA

dvlUsLi PRECISION P9A _P9B

JLUBLe PRECLISION P17A

ICucle PRECISION P2ULA,P2CH

adlUpcble PRECIS10y p21A,p218y¢21C,P21D
“oUolt PRECISICN P22A,P22B.rlecsPilp
OCUsle PRECISICN PTaA,PYaB,ir7¢l,P3ED
DCULLL PRLCLISION FYT7A,P37B+¢P”7C,P370
Sopolt PRECICION y

Jullble PSECISION AX 'Bl . 1Y 'BLYA'S175;'AwDrﬂZ.“"Hs.u'v'uU'vv's
“udb e pReClelCN RGGRP o HePUND ZRANGE
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APPENDIX A4

A global optimization algorithm using stochastic differential "“
4 sguations fi
; by F. Aluffi-Pentini, V. Parisi, F. Z2irilli ;
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ABSTRACT oo
SIGMA is a set of FORTRAN subprograms for solving the global ':f":
optimization problem, which implement a method founded on the numeri- ::i
cal solution of a Cauchy problem for stochastic differential equations
& inspired by quantum physics. ij;:
]
This paper gives a detailed description of the method as imple- _ _.q
mented in SIGMA, and reports on the numerical tests which have been \%
performed while the SIGMA package is described in the accompanying . ]
. S o
Algorithm, E |
—

The main conclusions are that SIGMA performs very well on sevc: '

hard test problems; unfortunately given the state of the mathematic:?

software for global optimization it has not been possible to make con- g*
clusive comparisons with other packages. E:jif:jl
w2
i
Categories and Subject Descriptors: jf’.:‘_t!
_ . o ]
..o {Nwerlcal \nalysis]: Optimization - ; e
G.4  [Mathematical Software|: Algorithm analysis; certification and B
Testing. __‘q
General terms:  Algorithms, Theory, Verification 3
Additional Key Words and Phrases: Global Optimization, Stochastic Dif- , .':.3
ferential bquations. Sl
of
k
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1. Introduction.

',_'_L_n N L.E L

In {1] a method for solving the global optimization problem was

proposed. The method associates a stochastic differential equation with

the function whose global minimizer we are looking for.

The stochastic differential equation is a stochastic perturbation
of a "'steepest descent" ordinary differential equation and is inspired
by quantum physics. In [1] the problem of the numerical integration of
the stochastic equations introduced was considered and a suitable "stochuas-
tic'" variation of the Euler method was suggested.

SIMA is a set of FORTRAN subprograms implementing the above

method.

In sect. Zwe describe the method as implemented in SIGMA; in sect.

5 we give a general description of the method and some details on the

umplementation; in sect. 4 some numerical experience on test problems 1s

LIEIPLINA

presented and in sect. 5 conclusions are given.

Unfortunately, given the state of the art of mathematical software
in global optimization, it has not been possible to make conclusive com-
parisons with other packages.

The SIMA package and its usage are described in the accompanying

e Binasiet e clionchcd 'L'A-_'_‘-l T
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2. The method.

let Rx be the N-dimensional real euclidean space and let fﬂRN411
be a real valued tunction, regular enough to justify the following con-
siderations.

In this paper we consider the problem of finding a global minimizer

of f, that is, the point §f <4RN (or possible one of the points) such

that

(2.1) £x™) - £(x) Vx < R
and we propose a method introduced in [1] inspired by quantum physics to
compute numerically the global minimizers of f by following the paths
of a stochastic differential equation.

The interest of the global optimization problem both in mathematics
and in many applications is well known and will not be discussed here.

e wunt just to remark here that the root-finding problem for the

svstem g(x) = 0, where gﬂRN *—PN can be formulated as a global optimi-

ation problem considering the function F(x) =4g(x) 12, where |-,
1s the cuclidean norm in R,
Despite its importance and the cfforts of many researchers the

global optimization problem is still rather open and there is a need for

methods with =olid mathematical foundation and good numerical performance.

*

‘he present quthors have considered this idea both from the mathematical
point of view or g review see [2]) and from the point of view of producing
cood software c=ee |3), |41, The method implemented in [3], [4] is in-
snired by clas=ical mechanic:s, uses ordinary differential equations, and can
be recarded as aomethod for ziobal optimization.
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Much more satisfactory is the situation for the problem of finding
the locai minimizers of f, where a large body of theoretical and
numerical results exists; see for instance [5], [6] and the references
given therein.

Ordinary differential equations have been used in the study of the
local optimization problem or of the root finding problem by several
authors; for a review see [2].

The above methods usually obtain the local minimizers or roots by
following the trajectories of suitable ordinary differential equations.
However, since the property (2.1) of being a global minimizer is a glo-
bal one, that is, depends on the behaviour of f at each point of iRN,
and the methods that follow a trajectory of an ordinarv differential
equation are local, that is, they depend only on the behaviour of f
along the trajectory, there is no hope of building a completely satis-
factory method for global optimization based on ordinary differential
equations.

The situation is different if we consider a suitable stochastic
perturbation of an ordinarv differential cquation as explained in the
following.

Let us first consider the (Ito) stochastic differential equation
(2.2 df = -Vf()dt + ~dw

where 7f is the gradient of f and w(t) is a standard N-dimensional
- e
Wiener process, . o R.
Equation (2.2) 1s known as the Smoluchowski-Kramers equation [7];

this ecquation is a singular limit of the Langevin's cquition when the

inertial terms are neglected.

3 O

.




TR TWITRG R T R T e TR T A N i " S I A Y CLte Ve e T -

s : ) i - o B L
h - - . -b . - - - . - O o -
. s . L » * Y Y . SN . ., . - - "'b-'
- - hd - - " " . ~ - - . > W - -
- - - TSR ST WL WA R W L . WL, W) By - Snaalnaw Vo A Mo A, X

The Smoluchowskl-Kramers eqguation has been extensively used by
solid state phvsicists and chemists to study physical phenomena such
as atomle Jdiftusion in crvstals or chemical reactions.

'n these applications (2.2) represents diffusion across potential
barricrs under the stochastic forces <dw, where o = /%E , T 1s
the absolute terperature, Kk the Boltzmann constant, m a sultable mass
coetfictent, and { is the potential energy.

We assume that

{2.3) 1im f(x) =+ »

Ixils » o
in such a way that:

(2.1) et MY ik @ Ya € ( R\{0})

and that the minimizers of f are isolated and non degenerate.
[t is well known that if ie(t) is the solution process of (2.2
starting from an initial point X, the probability densitv function

Prit.x) of T 7it) approaches as t -« the limit density pi(i)

where X
B .
- =2 f(x)
(2.3 pxl =A ¢ 7 {'
::-fl
where  \ is a normallzation constant. The wav in which p“(t,x) for ";
. . . c . s
4 Class of one-dimensional svstems approaches p(x)  has been studied
in Jetail by constdering the spectrum of the corresponding Fokker-Planck

operdators in [ 8}, ’ g.
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we note that o i3 independent of  x, and that as . -0 P

becomes more concentrated at the global minwmizers ot f.  That 1s

2.0 Tinoooit) o= in luw
t -
where has g provaoility density gwven by (2.5) and
2.7 tim 7= in law
-4
shere ~1soa randon variable having as 1ts probability density a

welvhted =um ot Dirac's deltas concentrated at the global minimizers of  f.

For example it N =1 ind { has two ¢lobal minimizers x., x , with

1+ . ) ) . R
S lix., =0, O, 1 = 1.2, we have {in distribution sensc)

X L 1

(2.8) Iim »p (X)) =

.+

Tixexy) o+ (L) o (x-x)

where .= (L+ve. /o In order to obtain the global minimizers ot |

15 asviptotic values as  t -+ ot 4 sample trajectory of a sultable sys-
tem of stochastic Jditfferential equations it seems natural to try to pertorm
the Timt © - t2.0)) and the limit - = 0

(L., (i.e. (2.7)) together.

Lhat 1, »¢ wint ¢ consider:
20 ST o= =TT o+

with inttial condition

i Py =y
where
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g In physical temms condition (2.il) means that the temperature T .
5 15 Jecreased to 00 (absolute zero) when t - », that is, the svstem is !
. )
: i
- "frozen''. !
E . ) i
since we want to end up 1n a olobal wminimizer of f, that is, a p
. slobal mmimizer of the (potential) energy, the system has to be frozen -
- very slowly tadiabaticallv). The wav in which _(t} must go to zero, :
N in order to have that when t - o, the solution Z(t) of (2.9) becomes i
I_ concentrated at the global minimizers of f, depends on f. In par-
ticutar, 1t depends on the highest barrier in { to be overcome to
reach the global minimizers.
This dependence has been studied using the adiabatic perturbation
4
- theorv in [1}. Similar ideas in the context of combinatorial optimization )
have been introduced by Kirkpatrick, Gelatt, Vecchi in [9].
l In this paper we restrict our attention to the numerical implemen- L
tations of the previous ideas, that 1s, the computation of the global
i
mintmizers ot f by following the paths defined by (2.9), (2.10), dis- :
! recarding mathematical problems such as the difference between the con- .
- vercence in law of  T{t)  to a random variable concentrated at the global |
'_: minimtzers of  t, and the convergence with probability one of the paths
N of Tt} to the vlobal minimizers of  f. :
> We consider the problem of how to compute numerically these paths
Reepine in ond that we are not really interested in the paths, but only
in therr asvmprtotic values,
po discretioe c2.ury o 20t asane the fuler method, that s ;(t}\]
) Peoappronvimated by the solution I o the following finite ditference -
&‘({U(II’ tons:
- - - ." - ,A.b\'




B > - - - = - o o . o - bl :
(2.12) Tl Tk hk .t(:k) + ‘(tk)(‘l‘kﬂ \_\k) k =0,1,2, q
(2.1 = x ;
k-1 5

where t, = v, t = B hi’ hk -0, and W, = ‘l(tk)’ k =0,1,2, -
i=0 q

The computationally cheap Luler step scems a good choice here f

since tn order to obtain the global minimizers of f as asvmptotic j
values ot the paths -{t) should go to zero very slowly when t - =, %
and therefore a large number of time integration steps mist be com- 8
puted. X
ﬂ

On the right hand side of (2.12) we add the random term !

"(tk)“ikﬂ - Ek) to the deterministic term -hk vf(gk), which is com-

putationally more expensive (e.g. N+1 function evaluations if a

forward-difference gradient is used), so that the effort spent in evaluat-

ing ?f(ik) ts frequently lost.
In order to avoid this inconvenience we substitute the gradient o

VE(Z) with a "random gradient' as follows. Let r be an N-dimensionatl !
random vector of length ! uniformly distributed on the N-dimensional unit -
i . , N L =

sphere.  Then for any yiven (non-random) vector v ¢ R° its projection
along r is such that: -4
(2.14) NeE(<r,v>r1) = Vv g
where  E(+)  is the expected value, and <+, > is the euclidean inner ~!
. N :.:.

product in R, -
so that in order to =ave numerical work (i.e. functions evaluations) _f'

tn (2.i0) weosubstitute U7 ) with the "random gradient "
A
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we note that since

tion r,

are used, only 2 f

theretore, the pat

.ot the tollowl

~xt+l
f.:.',—\i = X.
where (7,1 1s a
to 0
- N

the complete

'-‘»-‘:‘».‘ L A M0 e - N e TR vy I Gadi~ g 2w v L atnd

S
__t_k) =N <r, Tff ;k) T,
% <%0 is the directional Jerivative in the direc-

it s computationally much cheaver (e.g. when forward differences

unction cvaludations iare needed to approximite

(D).
hs are computed approximating i(tk) with the solution

ne Jdifferences equations:

= -h, (7 ) + (¢t

—x Sk k=010, ...

W ey W)

Tinite difference (forward or central) approximation

aleorithm is Jescribed in the next section.
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‘he complete alyorithm.

SO 2lve i osect. Soboa ogeneral Jdescription of the algorithm, while

b

mplementation detalls are oiven in =ect. 3.2

ot neneral description of the algorithm,

he basic tue-inteoriation step ledg. (2.10) and sect. 3.2.1) is
ased to generate a tfixed numer NTRAJ of traiectories, which start at
tune Zero Yrom the same initial conditlons with possiblv dif ferent values
ot 10} ote that cven 1f the starting values <{0) are equal the
trajectories evolve differently due to the stochastic nature of the inte-
Tration =teps).

The trajectories evolve (simultaneously but independently) during
an observation period' having a given Juration (sect. 3.2.5), and with-
in which the nolse coetficient of cach trajectory is kept at a constant
va lue o whiic the values of the steplength hk and of the spatial

irscretization ncrement X

L tor computing the random gradient (eq.

N

SotTeand secty 302000 are automatically adiusted {or each traiectorv

- N - 1

Seothe aleortthm (sects, 30203 and 302040,

AR
AR Y

the end o everv ooservition period the corresponding traiec-
tories are compared, one ot them s Jdiscarded (and will not be considered
mvoore) o all ether trajectories are naturally continued in the next
wservation deried, and oone of the tratectortes 1s selected for "branch-
ing't sect, Soli0g, that s for cenerating also a osecond continuation
trodoctory lrrrering Crem o the Yirst one onlvoin the starting values for

Aand X, fsect, U2 T and which 1o o considered as having the same

A

st hrster o the Crrer one.
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the set of sumultaneous trajectories is considered as a single trial,
which iz stopped as described in sect. 3.2.8, and is repeated a number of
times with J1tferent operating conditions (sect. 3.2.9).

fhe stopping criteria for the complete algorithm are described in

‘he use ol an admissible revion for the x-values is described in
sect, S 201, scaling is described in sect. 3.2.12, and criteria for

nunerical equality in sect. 3.2.13.

—

.

5.2, Lmplementation details,

30201 The time-integration step.
the basic time-integration step (eq. (2.16)) is used, for the tra-

iectory under consideration, in the fom ‘

(3.2 1.1

= _h

ikﬂ X X j—(i‘k) * ip ~Tf_uk (k = 0,1,2, ...)

where h,  and o are the current values of the steplength and of the
N
noixe coetricient (the noise coefficient has a constant value ap through-

out the current observation pertod (sect. 3.1)); uy 1s a random vector

suple trom an N-dimensional standard Gaussian Jdistribution, and

h, u, W

N O . P

due to the properties of the Wiener precess.

ihe computation of the finite-ditferences random gradient (7))

paodescrioed o the next sedction,

RS P A S ST W




the basic step (3..2.1.1) 1s actually performed in two half-steps

(3.2.1.2) o= -

a4 L ;(;kj (first half-step)

and

= ' 4+

Tkl Tt opthe iy

—
(921
1
—

.3) (second half-step)

Both half-steps depend on hk while the first depends also on the

current value  _x, of the spatial discretization inCrement used in com-

puting ;(ik)' :
Either half-step can be rejected if deemed not satisfactory, as j
_ . -, . |

Jdescribed in sect. 3.2.3. 7

- . . PR . r

3.2.2 The finite-differences random gradient. :

Glven the current value ka of the spatial discretization incre-
ment for the trajectory under consideration, we consider the random in-

crement vector

= :.(’

b

where r, s random sample of a vector uniformly distributed on the y
unit =phere in X7, the forward and central Jdifferences A

j FeoL . . s 1

I R TR () 3

13.2.2. L) ]
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4. Numerical Testing.

SIGMA has been numerically tested on a number of test problems Tun
on iwo computers,  The test problems are described in sect. 4.1, the com-

nuters n sect, 4.2 and some nunerical results arce reported in sect. 4.

b, Test pronlems.,

The set of test problems 1s fully described in [10] together with

the initial points; the test problems are: ;

L. A fourth-order polvnomial (N = 1)

BL_THn

2. foldstein sixth-order polynomial (N = 1)

3. One-dimenstional penalized Shubert function (N = 1)
1. A fourth-order polynomial in two variables (N = 2)

5. A function with a single row of local minima (N = 2)
6. Six hump camel function (N = 2)
Two-dimensional penalized Shubert function 2 =0 (N = 2)

8. Two-dimensional penalized Shubert function 2 = 0.5 (N = 2)

DEPEAEN:, 5 "EVLISIAPSPUPINN - USRS RPN,

9. Iwo-dimensional penalized Shubert function =1 (N = 2) '

10, A\ function with three ill-conditioned minima a =10 (N = 2)

AL

[1. A\ tunction with three ill-conditioned minima a = 100 (N = 2)

1}
(9]
—

12, A tunction with three ill-conditioned minima a = 1000 (N

13, N function with three ill-conditioned minima a = 10000 (N = 2)

1l
]

L1, A\ tunction with three ill-conditioned minima a = 10° (N = 2)
IS, A function with three 1ll-conditioned minima o = 107 (N = 2)
o, crdstem-Price unction (N o= )

V7L Penalized Branin function (N = 2)

1

I, Ponalized sheko D fimctien M
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a)

b)

where o, and T

24

Relative difference criterion

x-v] < tpe Uxfo+ gy /2

Absolute difference criterion

\BS Are given non-negative tolerances.
¢

PTRIAETS . _ | BUIRIRN

’l“'

L J WA




[Sat egl was vadt s on s sed e it sng pa it st and andh Sal Sl Sl Sd Ml il Slt il Sndl it telt el uinl Ml O S it Sl Sl Sl . e L P R EL R T T T T e e T T T T

23

Let A, be the largest eigenvalue of the (symmetric and non-negative
definite) matrix C.
We adopt the updating matrix
Fy =8, I -C
where I 1s the NxN identity matrix, 8 > 1 (8 = 1.3 in the present
implementation), and we obtain the updated value A" of A by means of

the formula

Al =cAF

A
where a 1s a normalization factor such that the sum of the squares of ji

the elements of A’ 1is equal to N (as in the identity matrix). ‘

The matrix F, seems one of the possible reasonable choices, i?
since it is positive definite for B > 1, it has the same set of eigen-
vectors as C, 1its eigenvalue spectrum is obtained from the spectrum of
C by reflection around A = E%l , and it therefore acts in the right
direction to counter the ill-conditioning of £.

The magnitude of the counter-effect depends on B: the adopted

value has been experimentally adjusted.
The updated bias vector E' is chosen in order that the scaling
at x does not alter X, i.e. in order that
Alx+b = Ax +b.

53.2.13 C(riteria for numerical equality.

The following two criteria are used in a number of places in the
alvorithm to decide if two given numbers x and y are sufficiently

close to vach other (within given tolerances) to be considered 'mumeri-

cally equal'.
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we consider (ror ciach traectory) the rescaled variable X = Ax + b,

where 4 is the rescaling matrin and b is a bias vector, and, instead of .

Sonryowe mmninize with respect to v the tunction fix) = f(x) = {f(Ax + b),

and we try te o counter the tll-conditioning of 0 with respect to X by

Antaciy agausting A ocand b Is adiusted inoorder not to alter XY,

the updatine ot A 15 obtained by means of an updating matrix F\,

and U pertormed ot the end of an observation pericd if sutficient data
are avatiable see belowr, and 1f the nunber of elupsed observation periods
12 not less o than oo wiven number Kpl%‘l’ and ereater than  TN).

asco ;

‘he updating matrix F\ is computed as described below, Keeping in

nmind that the random gradients are the only siumply-usable data on the
sehavior ot computed by the algorithm, )
Lot L L=1,2, ..., N, be the column vectors ot the components
" >
) . . . S . . ., F C :
ot i1l the N finite-difterence random gradients - (. or 7)) S
~ - - - <
. . B . . 1
evaluatad along the trajiectory (also tor rejected steps) trom the last
o
sadl g, '
if sutrticient data are available (i.e. if N 2 2N4)  we compute the ]
o
AV eridve 1
- ] ~
N i) {
N =1
and the estematod covartance matrix ;
AT I
. g =0
= ) - )
S e RS |
‘L_‘l
Lok cemis tooe o reasondicle ndicater, civen the wvailable data, of !
. . . . : , T
theoaveroe oo toonme Ut s having the larger olgenvalues
foeoe et aath the darestrens alone which the =econd Jdirectional deriva-
RS Coo oy o the wveraoe, Lareer,
- T R T S P T R AT U D A I
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e note that cach integration step can be rejected only a finite
nunber of times, cvach observation period lasts a tfinite number of accepted
integration steps, and there is a finite number of observation periods in
a trials since a tfinite number of trials 1s allowed, the algorithm will

stop dafter a finite total number of steps and of function evaluations.

L2000 Admissible reglon for the x-values.

In order to help the user in tryving to prevent computation failures
e.g. overtlow) the present implementation of the method gives the possi-
bility of defining (tfor any given problem and machine dynamic range, and
based on possible analvtical or experimental evidence) an admissible region
for the x-vialues thopetully containing the looked-for global minimizer)
within which the function values may be safelv computed. We use an

N-dimensionial interval

MIN

i : X .
1 i 1

where the interval boundaries must be given before trial start.
Out e the adaesibie recion the function (XY is replaced by
an exponentialiv incredasing function, in such a wav that the values cf

f and of the external finction are miatched at the bowndary of the region.

L)

LU sealing.

in order to mke tll-coniitioned problems more tractable, rescaling

L~ vertormed by the aleorithn s follows,

PR
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v
L

Y
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the preceding trial, according to the outcome (stopping condition) of the
preceding trial and to the number t of trials performed trom algorithm
start, as comparced to the civen maximum nunber of trials NTRIAL
successtul stop: = 10°
unsuccessiul wnirorn stop:

CcE b0t ) NTRLUJ]

#

107 otherwise,

where  [[x]] s the smallest integer not smaller than X
unsuccesstul non-uniform stop:  x = 1077
the inttial point <. 13 sclected as follows:

[ S L VA NTQ[\I]] take the value of x, at algorithm start

otherwise take . * Xopr
where Xopr .5 the current best minimizer found so far from algorithm
ek T S
start.
Al other :nitial values are those of the first trial, except the

inttial viilues of h and .. which are the values reached at the end of

the preceding trial.

Ioo. 10 Stoppaag criterti for the algorithm,

che compleote afeorithn 1s stopped, at the end of a trial, if a

Lrven aweer Ny has been reached of uniform trial stops all at the
SUL

current oy levels oroinany case U maxiumum ¢lven number N

! > TRIAL
~U trials has reen reachea.

Success e Jhaimed v the aleovithm iF at least one unifomm stop

covurred ot the Jurrent {‘”P level.,

S s Y SR SUR N
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and the best minimum function talue fOPT found so tar from algorithm
start: if CrrIN and tOPT satlsfy at lcast one of the above criteria,
with the =ame tolerances, the trial 1s considered successful at the level
(UPF; otherwise the trial is again considered unsuccesstul.

Checking of the stopping criteria is activated only if a minimum

glven number ot observation periods has been reached.

NPMIN

3.2.9 Chuaracteristics of the successive trials.

The operating conditions which are changed when another trial is
started are:
- seed of the random number generator
- maximun duration of the trial
- policy for choosing ;p for the second continuation of a branched
trajectory

- value of ep at trial start

i

initial polnt x,.

The maximum duration of a trial, i.e. the maximum number NPMAX
ot ebservation perlods, 1s obtawned as tollows:

it the preceding trial had a uniform stop (sect. 3.2.8) take the
value of the preceding trial

otherwise take a value obtained by adding to the preceding value
a Uixed viven increment INPMAX'

The policy for selecting o for the second continuation ot a
branched trajectory wias described in sect. 3.2.7

[he value of b at the start of a new trial is obtained by means

of o multiplicative updating factor « applied to the starting value of




it
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138 :
the updating factor F< for . 1s as tollows: j
tor the first trial and tor anv triul tollowing an
}
unsuccesstul trial ]
[ lt"\'_:i where x 15 4 vandom sample from a J
standard normal Jdistributien é
for .ill other trials 3
o= L’—! where  voo1s o random sample from a y
standard Cauchy Jdistribution, 1.e. with density )
flvy = 1/ (701 1)
‘he updating tactor for X 1s:

. 3z . .
P,K = 10 where - 1s a random sample from a standard

normal Jdistribution.

5.2.8 stopping criteria for a trial.

A trial is stopped, at the end of an observation period, and after
having discarded the worst trajectory, if all the final {unction values
of the remaining trajectories (possibly at difrerent points x) are
“numericallvoequal’, i.e. 1 the maximum, (TYMAX’ and the minimun,
tk%ﬁHN’ among the trial final values satisty at least one ot the criteria
In sect. 502015, the relative ditterence criterton with a given stopping
tolerance

“RED and/or the absolute Jditfference criterion with given
\i.i. =

1.

. " R EN . Ty M N - . N W = 1"
Stopping tolerance ARy wnttorm stopoat the level Cry

he trial s al=o anvway <topped, at the end of the observation

Sertod, HC o aximun elven nunber ot observation periods has been

\I‘\L\X

reached,

in the latter case the trwal s constdered mmsuccesstul, while in

the foruer case o comparizon is moade between the fimal value lkW\H\ v
' 1

)

L

J

.

o

3

rl‘
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from the point of view of the nolse coefficlent H 4 trajectory

with larger 1s considered better if the comparison is made in an

R carly observation period tas long as kp - M e,

, where k_is the
> h p

e number ot clapsed observation periods, and S%,lb are det'ined below)
and worse otherwise.

A basic purtial ordering of the traiectories 1s first obtained on

the buasis of past function values, and a final total ordering is then ob-

tained, it needed, bv sultably exploiting the noise-based ordering.

b fhe discarded trajectory 1s alwavs the worst in the ordering, while
b

e the trajectory selected tfor branching is usuually not the best one, to

O

-~ - avold to be stuck in a non-global minimum.

Normal branching is performed on the trajectory which, in the order-

iny, ceeuples the place L (a glven integer); exceptional branching,
where the best trajectory 1s selected, occurs tor the first time at the
end ot observiation period kpo’ and then every Mp periods (kpo and

Moare ygiven integers)s l.e. excentional observation periods are those

awnbered
= n - \1 i = \"‘ e 3 ) }
3 Mo} N
t i

e 5,207 the second continuation of a branched traiectory, !
o while the first junperturbed) contiraation of a trajectory that :
‘o | !
S andercoes branching <tarts with the current values of " and X the »
=5 '
- - second contrnuation starts with values obtaied by means of multiplica- :
[’-".:‘ . - ) ) f
N tove random andating tactors applied to the current values. ;
[
b T
N
L
L._’
L
\. .
-
- ,
i RS R, e el et
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[n phase ou: , = ©.1
Wwe rinally remark that h,  and lxk are bounded by suitable con-
~

stants to avord computational fallures.

3,205 buration of the ebservation period.

The Jduration of vbservation period numbered kp from trial start,

detfined as the number th of tume integration steps in period kn’ is

comsuted s o function of kq by means of a formula which must be chosen
t

betore algorithn start among the following three formulas:

("short" duraticn)

L) ‘\"np =1 1Og_’(kp’ |

> Ny T {k; ) {"medium-size" Jduration)
Lt i

< M = - 1t Tt . M

3 xhp kp ("long" duration)

<here k) = |,2, ... ,and x| ts the largest integer not greater than x.

]

3,200 irajectory selection.

[n order to Jdectde, at the end of an observation period, which tra-
fectory is to e discarded, and which one should be selected for branch-
ine, we comnare the traiectories on the basis of the values of their noise
cocttictent in the observation peried, and of the function values obtained
Srom o trial o tart,

Prom o the point of view of past function values a trajectory is con-
stacred hetter than anothoer 18 1t has attained a lower function value than

the cther roxcluding a pos<ible inttial part comnon to both trajectories).

R .
B I I I 1 ST LA S ] WAL S S ]

'
PRV —_— ¢ =~ .t
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We test f, and f, = f, * Lf, for numerical equality according

I
"Jl

to the relative Jdifference criterion (sect. 3.2.13) with tolerances

‘RI L0 and R2 T 107, and take

-

=2 1f fk and fk are "equal’ within ‘Rl

=1 1f . und f, are not "ecqual' within
K k R2

2 =1 otherwise,.
The interval (107°%, 107°) has been adopted =ince 1t contains both
the square root and the cubic root of the machine precision of most com-

puters in double precision (the square root 1s appropriate for forward

Jifferences, while the cublc root 1s appropriate for central differences).

Updating fuactors  for hk

In phase da:

]

v = 1/1.05 for the first attempt to the first half-step

1
5
<

for the second attempt

1/10 for all other attempts

]

In phase 5> the value of ¢ depends on the current number a of accepted
tune integration steps in the current observation period, and on the cur-
rent total number r of half-steps reiected so far in the current trial

texcluding those possible rejected while attempting the first step).

If r>0
po= 1 (if a < 2r) A
= 1.1 (if 2r < a € 3r) :
L
]
= (if 3r < al B
[ r =20 :.
= (it a =1)
o= 1Y fit a > 1)

b ‘-,

\":-.':5\,‘\_-- N -', -
- oAt e
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SR [ the halt-<tep 13 rejected:  retect also the tirst half-step,
updiate cdecrease!] hk’ and co back to 1.

bb Atherwise:  accept the whole step and try the next one.

Note however that it the same half-step is rejected too many trmes
the halt-step s nevertheless accepted in order not to ston the alygorithm;
this 15 not too harmtul since several trajectories are being computed,
and a "had"™ one will be eventually discarded (in the present implementation
the bound s glven explicitly tor the first half-step (50 tumes), and im-
nlicitly tor the second halt-step {1t h, becomes smaller than 107°%).

3.2+ the wpdating of he and iy,

[ <

(he time-integration steplength hk and the spatial discretization
mmerement X, for the trajectory under consideration are updated while

n

pertoming the integration step, as Jdescribed in the preceding section.

Updating 1s alwavs pertormed by means of a multiplicative updating ‘?
ractor which 15 applicd to the old value to obtain the new one. i‘
The magnitude of the updating tactors, as used in the various ié
ohases ot the scauence in the nreceding sect. 5,203, is as follows: j
Zr.

ihdating tactors - tfor X,

DS

. e e e e s
PRSP R
PSS

In phase ib: o = {0

In phase Za: - = w

' .
[n phiase dbe = | -
in phase o othe vaiue of depends on the maenitude ot the current esti- -

o . e s - Chor S N -
nated mctien onorenent o= X, twhere .S COr A
w K K I k K

Apnronriater s od the timetion value 1, = V0.
Y BN K
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All attempts are with the current (i.ce. updated) values of h
and R

fhe sequence of attempts 1s as follows:

1. Pick up a random unit vector v

—x

la.  Compute the random wcerement s, (sect. 3..2.0).
—
1b. [f = (and therefore x, ) is too small (i.e. if the square

e “

of the cuclidean norm of the Jdifference between the computed

values of 7+ s and 7, 1s zero, Jdue to the finite arithme-

— —r —x
tics of the machine): wupdate (increasej lx,  and go back to la. ;}
2. Compute ii (eq. (3.2.2.2)). .

-

- - JFooo L.
2. [f the computed value of (nk)' is zero (due to the finite

arithmetics): update (increase) 3x.  and go back to la.
n

3. Compute the first halt-step with ii.
Compute "fk oy, (3.2.3.1)7.

. s . F.

a. I A'(k SN X

accept the first half-step and jump to 5.

b, Compute the first half-step with ii to check the appropriatenes-

"_A_m _ .“;.'.;_.;; . ","'.! [. ;'.""-"-"" ‘__L_}.K

of X

e

compute L'

k _
. F Cooy

44 I 'y, o e &
I K < K -

rejoect the halt-step, update (Jdecrease) hk’ and o back to 1. -

A, Otherwise:  accept the halt-s=tep, and update (decrease) ka. fi
- ®
Hpdate rnoreasce; }lk' =
Update cdecrease: XL ;

o, Comput o the secons half-step, -

R ~ 4=y
compute o ted, ta ool -
" S




-

—rr v v

v T

and the torward- and central-ditferences random gradients

ey s - Foooo T C G
3.2,2.3) =N =Ny
( - K =X —k L

) g <o L . -, . )
We use ko Or 4 tor ftlk) in the rirst half-step as described

in the next section.

3.2.5 Accepting and rejecting the half-steps.

the computation ot the first half-step can be attempted with the
forward- or central-differences random gradient (ii or ;ﬁ eq. (3.2.2.3))
as described below,

In cither case the hulf-step is accepted or reiected according to
the function incroment

(3.2.3.1) SR = B - £(R)

<

since A'Ek should be non-positive for a sufficiently small value
of h.K the half-step 1s rojected it A'fk 1s "numerically positive",
t
i.e. larger than a viven positive small tolerance.

the second half-step is rejected if the corresponding function

increment

- y oz A 1 AP - L ‘.:_'
(3.2.5.2) T -t o
: ; " (Cpee) (Zy) o

. - . 1

1< positive and too large rgreater than 100 ¢ in the present umplemen- —
¢ 0 =

tationt. o
Fhe sequence of attenpts atfects the updatine of  h, and iXy o as v

“ -

described betow; the amownt ot the updating is described in sect. 3.2.4. TT
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19. Penalized Shekel function M =7 (N = 4)

10 (N =4)

u 2U0. Penalized Shekel function M
21, Penalized three-dimensional Hartman function (N = 3)

22. Penalized six-dimensional Hartman function (N = 6)

%
23. Penalized levy-Montalvo function, type 1 (N = 2)

23, Penalized Levy-Montalvo function, type 1 (N = 3)
25. Penalized Levv-Montalvo function, type I (N = 4)

5)

26. Penalized lLevv-Montalvo function, tvpe 2 (N

27. Penulized Levy-Montalvo function, tvpe 2 (N = 8)

28. Penalized Levv-Montalvo function, type 2, (N = 10)

29. Penalized lLevy-Montalvo function, type 3, range 10 (N = 2)
50, Penalized lLevv-Montalvo function, type 3, range 10 (N = 3)
31. Penalized lLevv-Montalvo function, type 3, range 10 (N = 4)
32. Penalized Levyv-Montalvo function, tvne 3, range 5 (N = 5)
33. 'enalized levv-Montalvo function, type 3, range 5 (N = 6)
33, Pendlized lLevv-Montalvo function, type 3, range 5 (N = 7)
i 35. .\ function with a cusp-shaped minima (N = 5)
E_ o, A nmction with aoclebal minbmm having a small region
}‘ of attraction a = 100 (N = 2)
- 37, N dunction with a ¢lobial minimun having a small region
- ot attraction a = 10 (N = 5)
'. We used the above tunctions, and the standard initial points as
E they ave coded in the subroutines GLOMTF and GLOMIP, which are available
S [,
[,'
L
L ' e T
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4.2, Test computers.

We considered two typical machines of ''large' and '"'small'' dynamic
range, that is, with 11 and 8 bits tor the exponent (biased or signed)
of double precision numbers, and corresponding dynamic range of about
10=7°° and 10:38. The tests were acCtually performed on:

— UNIVAC 1100/82 with EXEC8 operating system and FORTRAN (ASCII)

computer (level 10R1) ("large' dynamic range)

— D.E.C. VAX 11/750 with WMS operating system (vers. 3.0)

and FORTRAN compiler (vers. 3) (''small' dynamic range)

4.3. Numerical results.

Numerical results of running SIGMA on the above problems and on the
above machines are described below. All results were obtained under the
following operating conditions.

The easy-to-use driver subroutine SIGMA1 (described in the accompany -

ing algorithm) was used, with NSUC =1,2,3,4,5. All numerical values used

for the parameters are set in the driver SIGMAL and in the other subroutines
which are described in the accompanying Algorithm.

r! All numerical results are reported on Tables 1, 2, and 3. Table 1

. reports some performance data (i.e. output indicator IOQUT and nunber of

functions evaluations) as obtained from SIGMA output for each of the 37

f test problems and for the testing both on the "large' and ''small" dynamic
S range machines. In order to evaluate the performance of SIGMA we consider
s all the cases in which the program claimed a success (output indicator

E' . OUT > 0) or a failure (IOUT € 0) and — by comparing the final point

- . - ..' . .- ..“‘ ..
et T e . R SR
I L IR N T Y )
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with the known solutlons — we identify the cases in which such a claim
is clearly incorrect (l.e. success claim when the final point is not even
approximately close to the known solution, or failure claim when the final
point 1is practically coincident with the known solution). It is also
meaningful to consider all the cases in which a computational failure

due to overflow actually occurrs at any point of the iteration.

Table ¢ und Table 3 report for each problem and sumarized for all
problems data concerning the effectiveness, dependability and robustness
— in the form of total numbers of correctly claimed successes, correctly
clatmed tailures, incorrect success or failure claims and total number ot

overtlows — for the two machines,

hi
]
Kl
'd

_AL . WK

- . s - T - ~ R
. L. . - e e e N T et
.. . WS S -k‘ \--._- S ’-. "
- . - I ) . .t on A oot L
- ° - T T T N I S W N W LA W VY Yl A W
o - P T .




ade andhes )

- e
—
-
-

e : . ” (o 0 88¢ 11 ¢
1 y TaLT T , , RS ¢ ¢ 0 AN _ 44
b S otas , © 2 0 075 0 9Tt ¢ ¢ | ¢4
w 0 ceYtLCs v LN J Jie U9 0 250 0 $S6°6 4 07
w 0 LZ7€°90¢ 0 82072 0 0S¢ I€T 0 65S°tS 0 6SL Y b 61
< 0 056°Z8% 0 LLT602 0 828101 0 95591 0 vL9°Y t 81
w 0 978°08 0 SL2°8T 0 88c‘ VT 0 0L9°Y 0 00.°C Z L1
w 0 0SESTI 0 S98°L9 0 10%°8S 0 09592 0 120°9T 4 91
w 0 79¢‘8¢ 0 L85°¢€T 0 L22°91 0 1£9°1T 0 LYifL 7 <1
! 0 1S0°LY 0 72818 0 Z01°ST 0 ¥S9°01 0 12949 7 T
0 S0S‘ct 0 8¢8°LT 0 50907 0 L8Z°0T 0 SOT*: z ¢1
0 9IZ LY 0 S1$°62 0 20681 0 96Z°L 0 66.°t < 1
- 0 856°9S 0 808° 0V 0 961°¢2 0 ¥8¢‘8 0 16T°¢ z A
o 0 §58°99 0 €SL 19 0 856°Z1 0 JEWARY 0 965°¢ Z 01
0 150 0L 0 L9.°669 0 0sT 0LY 0 $79°¢8 0 0R1°9 g 6
0 99t°76¢ 0 Zv9°6S¢ 0 10€8¢¥¢ 0 6£0° LS 0 000°S 7 8
0 SLI‘6ET 0 €86°6S 0 ¢S1 6y 0 952°s¢ 0 SRI‘ZS 7 L
: 0 060°8. 0 87L°LS 0 09961 0 crees 0 LG0T - q
0 16¢° 101 0 gTrS6 0 29%°8¢ 0 122°¢2 0 089°C1 < <
u 0 €€9°101 0 68t°69 0 685 °0¢ 0 868°S1 0 raSeQ : y
: 0 129429 0 L81°LS 0 p18°¢ce 0 |§7A 0 REu“Q 1 ¢
0 ST0ce 0 016°z¢ 0 £68°02 0 6056 0 §T¢ I <
w 0 1S °8S 0 0csee 0 L90°€T 0 Lot 11 0 gecie 1 1
=) IN =) IN =D IN 3] IN 3] IN N HOMIN
S b € z I RIS
. JIVAINN

T 318v1 ke




e ———— . T — T WL T T T T

ARl L L a3

.
g 0 LOYZ6 0 6£9°t9 0 SL1°Se 0 69t 21 0 8569 S
\ 0 18t 6L 0 18624 0 £82°¢T 0 9L1°01 0 201‘¢ <
w‘ o 0 198 ¢81 0 160°LZ1 0 SOT‘0L 0 8t¢‘0S 0 Se9‘¢s S
" 0 1+9°02S 0 646607 0 8L8°LSE 0 957867 0 PESt1 L
" 0 SHSEESY 0 L9Z°g0g 0 ZvozLe 0 759701 0 8L1°ES 9
. 0 v 6L9 0 680°LSE 0 758°SL7 0 0r8°9.1 0 11605 S
- 0 £99°967 0 vE8° 197 0 L12°802 0 LSLESET 0 91611 t
. 0 $LZT 08 0 F0GLST 0 0L6°LLT 0 68LCTI 0 +CLST ¢
- 0 8zLL0l 0 LYV TTL 0 br6* 86 0 SL9°s¢ 0 Zotsz y
3 0 L186LY 0 cTeirLY 0 808°rSY 0 TL1fozy 0 SL6C0S 01
g 0 9t +S9 0 066°5£9 0 82L°SL 0 A R 4 0 L 8
3 0 [19°tot 0 corfost 0 950°Ltg 0 POT“t82 0 cRO‘CY S
0 AR (5] 0 FZL6L6 0 SS9 L. 0 i A 2 0 tSGEIT t
: 0 t0T“Z6 0 106° 69 0 619°L 0 L50°9¢ 0 6608 <
g o] IN o[ IN 3] IN 9] IN 3] N N
. ; - . : AENE.E
(ponuriuod)  JVAINI
i (paNUTIU0Y) T 31aDL
2
!

e

LS
9¢
S¢
te

B¢

Ll
97
S¢
t¢

RN

RS \




Y

L

| ool } )

) o . 0 L250¢
ﬁ ) LOTE , S T TR IO 0 S.6'S 9
3 0 Zrif0S1 0 0t9°z8 0 $68° Y 0 918°L2 0 pesy g
g 0 LOP ST 0 0Z8°8L 0 LY6 v 0 Z1gc 11 0 1872 t
J 0 6L9°€L2 0 LYL 601 0 86T vv 0 1S6°61 0 8LL Y 14
0 S08°062 0 §26°692 0 v9Z 621 0 252°9¢ 0 9y T v
. 0 001°19 0 S0g‘1S 0 1227200 0 900°TT 0 06,7 z
; 0 S22 () 0 LETC08 0 SS0‘ T 0 6701 0 6Et*S Z
. 0 09¢°¢C 0 8V9°0¢ 0 1€9°L1 0 18S°SIT 0 €19 4
w 0 12.°6¢ 0 6L5°€T 0 6TL°LT 0 £t 6 0 800 Z
0 S9L‘6¢ 0 62922 0 80S‘ST 0 1€0°TT 0 1LL°9 y
: — 0 968° Y 0 88L°8Z 0 161°8T 0 6V6°6 0 1.9 Z
. " 0 S19°z¥ 0 0SY 8z 0 S6L°ZT 0 106°L 0 2T 7
w 0 ZLS 16 0 60V ‘T 0 £9¢°61 0 656°6 0 PIT' Y 4
- 0 Zt8°sTe 0 g6g5at1 0 €65 1L 0 S88°se 0 8+t z
w. 0 10F 09 0 bLv12S 0 S61°681 0 8re oL 0 Pr0‘ L2 3
: 0 80Z2°9ST 0 658°0¢T 0 £¢8°78 0 80ttt 0 SES 01 4
. 0 660°29 0 L80°LS 0 TLL*ST 0 0v0°‘ 1T 0 050°t <
_ 0 9¢¢ 001 0 v12°6S 0 97t 9¢ 0 ) AN 0 P60 e y
ﬁ 0 GIL YT 0 191°08 0 £99°82 0 19 PANA 0 S076 :
. 0 STrL9 0 ZrsfLs 0 LSP 02 0 ZtefsI 0 975 11 I
3 0 €56°0L 0 €20°LT 0 TLIYT 0 rsn 0 Ier'e [
] 0 FS6°‘ ot 0 L8LETS 0 €912 0 LSYCT 0 7Tty I
. 9] JN 91 IN 9] IN o1 JN 9] N N HOMAN
S b < z 1 TS
] XVA B
i (pSnUTlu0l) T 8[any




W, 8 wopwnd,, i 0D o popaau saue oyl () is <4 pyaeid) (0 - ol) aanprey [ =
3urpnIdUr SUOTIBNTEAd UOTIdUN JO Ia3qUMU 1e103 = IN (Vi IS £q poutetd) (p < JNOI) ssdoons (0 = 3]
017 7°¢ "320% 295 = INSN Iy "100¢ ur udArd Joqumu uwatqold = goydN

B
3
’ 0 £9c* 20T 0 665 ‘0L 0 1It62 0 65771 0 Lt8YS S L8
W 0 815°¢8 0 LPGSS 0 S R 0 tLS°6 0 ttLés z ¢
4 0 086902 0 08t°6¢1 0 SE€Z 6L 0 V6 es 0 S{8°t1 S S¢
q " 0 608°‘8t¢ 0 180°t02 0 SS6°CLT 0 89.°2¢1 0 LETC0S L re
u 0 0LL°962 0 L80°Y81 0 L86°6ST 0 ALAR Y 0 L80° 6t 0 19
{ 0 702°91¢ 0 1L£°587 0 008081 0 8s. 08 0 S9¢°s¢ < <
g 0 990 ° L6¢ 0 5¢5 T 0 $81°8p1 0 M) PARA 0 5ezoz r 1€
) 0 SLIgeS 0 S06°102Z 0 LZ6°811 0 778°tS 0 [to‘zt < 0
4 0 SHEGETLT 0 8It T¢I 0 tSZ°S6 0 A PARSS 0 YR | 7 h
’ 0 g B i o 0 SGOESt 0 PS8 I 0 0SS‘<6¢ 0 aotct 01 8¢
w 0 61f08g 0 BI.01E 0 260°20¢ 0 0S6°652 0 cenfRatl 8 ol
3 0 Gt 68S 0 SIgfact 0 GLL 09Y 0 216 60¢ 0 6R9 6S S Shy
i 0 780 TC 0 RGS 6T 0 §g8z°0s 0 §50°.¢ 0 ~S001 t =
H 0 0T6°061 0 07601 0 L9508 0 0oL“8I 0 neO“or ¢ +e
b _ - - e
y 91 JN a1 N o N 3] N )| N N M
4 o S o T e , F TN T
5 {ponui1u0d) Xy
3 (P3NUTIUOD) T 3[aD}




vELY T WL

Cy

Sade el mate meh an e ued e g At A A

Y

33

TABLE 2

UNIVAC

\

(g9 ]

CSUC

N

NPROB
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Y
10
11
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~
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14
1o
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16
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Table 2 (continued)

UNIVAC (continued)

“suc 1 2 3 1 5
NPROB N

29 2 1 1 1 1 ;
31 4 3 1 1 1 :
32 5 1 1 1 ) 1
35 6 1 1 1 1
>4 7 3 1 1 1
26 2 3 3 3 3 .
37 5 3 3 3 3
|
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(continued)
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Table 2
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Table 2 (continued)

VAX (continued)

Nsue T 1 2 3 1 3

NPROB N
29 2 1 1 1 1 1
30 3 1 1 1 1 1
31 4 1 1 1 1 1
32 5 1 1 1 1 1
33 o) 1 1 1 1 1
34 B 1 1 1 1 1
35 5 1 1 1 1 1
30 2 3 3 3 3 3
37 5 3 3 3 3 3

1 = success correctly claimed

2 = failure correctly claimed

3 = incorrect claim

overflow
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5. Conclusions.

The SIGMA package presented here seems to perform quite well on
the proposed test problems.

As 1t is shown in []10] some of the test problems are very hard;
tor example, Problem 28 (N = 10) has a single global minimizer and a
nunber of local minimizers of order 10*° in the region Ixil <10
L =1,2, ..., 10.

lable . shows that from the point of view of the effectiveness
measured by the number of correctly claimed successes the performance
ot SIGMA s very satistactory; moreover, it 1s remarkably machine indc-
pendent (note that completely different pseudo-random numbers sequenc. -
are generated by the algorithm on the two test machines). The result:

fab

le 2 also suggest that the performance of SIGMA is very satisfacte

from the point of view of Jdependability (only 2 incorrect claims on the
"large” dvnamic riange machine when NSUC > 3 and on the "small" dynamiv
range machine when NSUC > 4) and robustness (no overflows on both

mtchines) .

Untortunately, given the state of the art on mathematical softw..
coroclebal optimlzation, it has not been possible to make conclusive o

sartsons with other packages.
iFinally, we note that a smaller value of NSUC gives a much ch. -
wethod (less tunction evaluations) at the expense of a loss in effectiv

acas coreater nunber of fallures).,

U
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APPENDIX AS

Algorithm SIGMA. A stochastic-integration global minimization

algorithm
by F. Aluffi-Pentini, V. Parisi, F. Zirilli

(submitted to ACM Transactions on Mathematical Software).
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1. PURPOSE

The SIMA package is a set of FORTRAN subprograms, using doub'e-
precision floating-point arithmetics, which attempts to find a glob. !
minimizer of a real-valued function f(x) = f(xl, ee XV) of N

real variables
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2. METHOD

The algorithm used by SIQMA is described in detail in ref. [1].
A global minimizer of f(x) 1is sought by monitoring the values
of f(x) along trajectories generated by a suitable discretization
of the stochastic differential equation
d¢ = -vf(§)dt + e(t)dw
with initial condition:
£0) = x
where Vf is the gradient of f, w(t) is an N-dimensional standard
Wiener process, and the '"noise coefficient'" ¢€(t) 1is a positive func-

tion. The discretization has the fomm

+1 = __k h'k_i(g ) + e(tk) qgk, k = 0,1,2, R

"X

é\m ;‘\‘m

where hy is the time integration steplength, %-iﬁgk) is computed as
a finite-differences approximation to the directional derivative of f

in a randomly chosen direction, and uw, 1is a random sample from an N-

Jimensicnal standard gaussian distribution,

We consider the simultaneous evolution of a number NTRAJ of tra-
jectories during an "'observation period' having the duration of a given
number NHP of time integration steps, and within which the noise coeffi-
cient = (t) of each trajectory is kept at a constant value ap, while
the steplength hk and the spatial increment Axk for computing i(gk)
arce automatically adjusted for each trajectory by the algorithm.

At the end of every observation period a comparison is made between

the trajectories: one of the trajectories is discarded, all other tra-

jectories are naturally continued in the next observation period, and one

(I O DL L

A 4 2 A N A _cImmmA ™




of them is selected for 'branching', that is for generating also a second

continuation trajectory which differs from the first one only in the start-
ing values for Ep and Axk, and is considered as having the same ''past
history' of the first.

The number NTRAJ of simultaneously evolving trajectories remains
therefore unaffected, and the second continuaticn trajectorv takes the
place, from a program-implementation point of view, of the discarded tra-
jectory.

The set of simultaneous trajectories is considered as a single
trial, and the complete algorithm is a set of repeated trials. A single
trial is stopped, at the end of an observation period, if a maximum given

number N of observation periods has been reached, or if all the

PMAX
final values of f(x) (except for the discarded trajectory) are equal
(within numerical tolerances, and possibly at different points Xx) to

: N 1" : " 1
their minimum value fTFMIN ("uniform stop'' at the level fTFMIN)’ In
the former case the trial is considered unsuccessful, while in the latter
case a comparison is made between the common final function value fTFMIN

and the current best minimum function value foP found so far from

T

algorithm start: 1if fTFMIN > fOPT the trial is again considered unsucces-
ful; and if fTFMIN = fOPT (within numerical tolerances) the trial is
considered successful at the level fOPT'

The trials are repeated with different operating conditions (initial
point Xy» maximum trial length XPMAX’ seed of the noise generator,
policy for selecting the starting values for € in the second continua-

tion trajectory after branching, and trial-start values for ap) and the

complete algorithm is stopped — at the end of a trial — if a given

'ﬂ‘ -~ "Lﬂ’ DS 3
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number NSUC of uniform stops at the current fOPT level has been ob-
tained, or if a given maximum number NTRIAL of trials has been reacheu:
success of the algorithm is claimed if at least one uniform stop occurred

at the final value of fOPT'
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3. DESCRIPTION OF THE PACKAGE

The algorithm used by SIGMA (see sect. 2 and ref. [1]) has been

coded in the form of a set of FORTRAN subprograms, using double-precision

floating-point arithmetics, which are described below.

3.1. Language

A1l the coding is written in FORTRAN IV and meets the specifications
of PFORT, a portable subset of A.N.S. FORTRAN (ref. [2]). The FORTRAN
implicit type definition for integers is used throughout; all non-integer

varlables are double precision.

3.2. Description of the Subprograms

The SIGMA package consists of a principal subroutine SIGMA, a set
of 27 auxiliary subroutines, INIT, REINIT, TRIAL, GENEVA, PERIOD, BRASI,
ORDER, COMPAS, STEP, SSTEP, NEWH, DERFOR, DERCEN, RCLOPT, STOOPT, RANGE,
INISCA, NOSCA, SEGSCA, VARSCA, CUMSCA, ACTSCA, MOVSCA, UPDSCA, ALKNUT,
GAUSRV, UNITRV; a set of 7 auxiliary functions, IPREC, IPRECE, FUNCT@,
ITOLCH, EIGSCA, CHAOS, UNIFRN; and a driver subroutine SIGMAl calling
SIGMA. The subprograms are described below, The user interested only in
the use of SIGMA may jump to Section 4.

We may group the subprograms as follows.

a) Subprograms for the numerical integration: STEP, SSTEP, DERFOR,
DERCEN, FUNCTY, RANGE, NEWH. The value of the function f(x) 1s computed
— whenever required in the numerical integration process — by calling the
function FUNCT@. FUNCT@ rescales the variables by calling VARSCA (see d)),

calls RANGE to take care of the cascs where the current point x 1s

.............................................................

....................
...........................

~~~~~~~~~
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outside the admissible range ([1], sect. 3.2.11) calls the user-suppli: i
function FUNCT (sect. 4.5.1) to compute f(x), and possibly updates tiw

best current function minimm and the corresponding minimizer x,,,,.

forr
by calling STOOPT (see c)). The basic step of the numerical integrat:. n

1s performed by SSTEP which calls FUNCT@ to compute the value of f(x:,

and UNITRV (see e)) to compute the random direction along which the direc-
tional derivative is to be computed (see {1}, sect. 3.2.2); the directional

derivatives are computed numerically by SSTEP, with forward or central

finite differences, bv calling DERFOR or DERCEN, which call FUNCT@; the

to
[97]

first half-step ([1], sect. 3.2.1) is accepted or rejected ([l], sect. 3.
bv calling NEWH which also provides the updated value of the time inte-
gration steplength hk; SSTEP also updates the cumulated scaling data ([1],
sect. 3.2.12) by calling CUMSCA (see d)), and updates the spatial discreti-
zation increment Axy based on the results of calling ITOLCH. The second
half-step ({1}, sect. 3.2.1) is performed by SSTEP by calling GAUSRV

(see e)) and cw. be accepted or rejected ([1], sect. 3.2.3). The subrou-

tine STEP performs the single integration step for each one of the simul-

tuneous trajectories by repeatedly calling SSTEP.

b) Subprograms for the selection of the trajectories: BRASI, ORDER,

‘
.
.
<
E
4
-
-

[PREC, IPRECE, COMPAS. The selection process for the trajectories ([1],

sect. 3.2.06) is performed by the subroutine BRASI. BRASI first updates

the trajectorv data corresponding to the elapsed observation period, and %
then asks tor an ordering of the trajectories by calling ORDER. ORDER i
obtailns the ordering by comparing two trajectories on the basis of the i
past historyv, (by calling [PREC), and of the value of the noise coefficient i
(by calling IPRECE) (f1l], sect. 3.2.6). Based on the ordering provided :

]

........
.......
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by ORDER, BRASI
1) discards one of the trajectories
2) performs a branching on another trajectory, i.e. the
trajectory to be branched gives rise to two '‘continuation
trajectories: the first one is unperturbed, and the second
one has modified values for Ep and for the initial Axk;
the modified values are obtained from the old ones by means

of random multiplicative factors which are computed with the i~
ald of random number generator function CHAOS (see e)).
Since, from a program implementation point of view, the new trajectory d
is "moved'" in the "position' of the discarded one, all the trajectory 1

parameters must be moved to the new position. This is performed directly

by BRASI for all the trajectory data, except for the scaling data which
are moved by MOVSCA (see d)). Finally BRASI calls COMPAS in order to examine
the stored data about past trajectories from the point of view of their
utility to the only user of such data, which is the subroutine IPREC, and
irrelevant data are discarded.

c) Subprograms for general management of the complete algorithm:
SIGMA, INIT, REINIT, TRIAL, GENEVA, PERIOD, ITOLCH, RCLOPT, STOOPT.

CENEVA performs the generation of the set of trajectory segments
corresponding to the current observation period and the final processing

and cvaluation of the trajectories. GENEVA first updates the scaling

arrays containing A and b ([1], sect. 3.2.12) by calling SEGSCA and
UPDSCA (see d)). The generation of the trajectory segments is performed

by GENEVA by calling PERIOD.

F T S I I T I - st - S S Mt e Y e
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PERIOD first computes the duration (in uaccepted steps) of the observation
period, computes all the integration steps by repeatedly calling STEP (see
4)) and finally pertforms the trajectorv selection by calling BRASI (see b)).

Finally CENEVA determines some end-of-segment results (FPFMIN, FPPMAX,
XPRMIN, see sect. 4.5.20) using the rescaling capabilities of SEGSCA and
VARSCA (see d)).

The subroutine TRIAL venerates a trial by repeatedly performing, for
every observation period,

1 call to GENEVA which generates the simultaneous trajectory

segments, and performs the trajectory selection,

a (possible) call to PTSEG which performs end-of-segment output,

a4 check of the (trial) stopping criteria, with the aid of the

function ITOLCH,

a decision about activating or deactivating the scaling of the

variables (actions performed by calling ACTSCA or NOSCA).

The subrcutine SIGMA is the principal subroutine of the package
and is the only one which must be called by the user (apart from the driver
S, sect. 40H).

SIOMA manages the execution of the complete algorithm, i.e. of a

sequence ot repeated trials performed by varving a number of operating K
conditions. SIQMA initializes the first trial by calling INIT, and the

other trials bv calling REINIT.

RN .8 I

For cach trial the subroutine SLHRIA

enables or prevents a future activation (within the current trial)

ot the scaling of the variables by calling INISCA or NOSCA

actwal 1y executes the trial by calline TRIAL
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CISTOP!

1 relative difference criterion satisfied

5

= I absolute difference criterion satisfied
= 3 both criteria satisfied

The sign ot ISTOP indicates the relationship between the end-of-trial

value FITMIN and the best current minimum value FOPT (which is updated

whenever a function value 1s computed).
[STOp > 0 FIFMIN is numerically equal (with respect to at
least one of the above difference criteria) to FOPT.
[STOP < 0 FTFMIN 1is not even numerically equal to FOPT (and
therefore cannot be considered an acceptable estimated
¢global minimm).

[sloeT 15 the value of the trial stopping indicator ISTOP correspond-
ing to the fcurrent or past) trial where FIFOPT was obtained, with
the sien which 1s updated according to the comparison between FTFOPT
and the present value of FOPT, as described above. The final value
of ISTOPT 1s returned by SIGMA as the value of the output indicator

OUT (whenever the algorithm was started, IOUT # -99, see above).

'he subroutine definition statement of PTKSUC 1is
SUBROUTINE PTKSUC (KSUC)

where
KSUC is the integer variable (1 < KSUC < NSUC)

Jdetined above.

[f [PRINT < 0 no calls are made to the cutput subroutines.
A usor not interested in the use of any one of the osutput subrou-
tines must provide the corrtesponding Qumy subroutine (with RETURN as ‘

the onlv exccutable statement) in order to avoid wunresolved references

P

preblems.

PO PPt I PRy LIPS TSI SRS 3 QR WS ST SNV S-S <3




i Siaie s & b ate. Bt Shade the 4 us v e v Sand b ot gt Aart it liaot

FOPT is the current best minimum value of f found from algorithm
start (fOPT) (FOPT is updated whenever a function value f(x) e
1s computed) . ' T}
FITMIN, FIP™AX are respectively the minimum and the maximum value
of f(x) among the cnd-of-trial values obtained at the f{inal

points of the last trajectories of the current trial (fTFMAX’

fTFMIN)'

FTEFOPY 1s current mininum value of FTFMIN among the trials which
did not stop due to the stopping condition related to NPMAX
(stopping indicator ISTOP = 0, see below). FTFOPT is used by
SIGMA to compute the input parameter KSUC for the subroutines
PTRSUC, see below,

ISTOP is the indicator of the stopping condition of the trial, as
follows:

[STOP = 0 The maxuimum number NPMAX of observation periods
has been reached.

ISTOP # 0 all the final values of f(x) of the last obser-
vation period (except for the just discarded tra-
jectory) arc close enough to their common mininum
value FPFMIN, with respect to an absolute or rela-
tive difference criterion, ([1], sect. 3.2.13),
to be considered nunmerically equal.

If ISTOP # 0 the absolute value and the sign of ISTOP have the

fol lowing meaning:

The absolute value indicates which of the difference criteria

was satisfied

''''''''''''
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taken place, if NSUC (input parameter to SIGMA) had been given a (lower)

AN

value, equal to the current KSUC.

Lo

The subroutine PTKSUC is called only if IPRINT > 0 and KSUC < NSUC.

P

The subroutine definition statement of PTSEG is
SUBROUTINE PTSEG (N, XPFMIN, FPFMIN, FPFMAX, KP, NFEV)

where

UL T R W gy

N is the dimension of the problem
FPFMIN and FPFMAX are respectively the minimum and the maximm value of
f(x) among the values obtained at the final points of the trajec-
tory segments of the current observation period (excluding the dis-
carded trajectory).
XPFMIN is the N-vector containing the coordinates of the final point (
(or possibly one of the points) where the function value FPFMIN
was obtained.
KP is the total number of elapsed observation periods in the current
trial.
NFEV is the total number of function evaluations performed from algorithm
start.
The subroutine definition statement of PTRIAL is
SUBROUTINE PTRIAL (N, XOPT, FOPT, FTRMIN, '"™MAX, FTFOPT,
ISTOP, ISTOPT, NFEV, KP, IPRINT) {
where
N is the dimension of the problem
XOPT is an N-vector containing the coordinates of the point (or possibly

one of the points) where the current best minimum FOPT was obtained

(Xgpr! -
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alleviate the efficiency problems connected to the use of the explicit
Euler step on ill-conditioned functions.

It is also recommended to avoid whenever possible to provide func-
tions such that the "‘typical" values of the function and the coordinates
(rough average values in the region of interest) differ from unity by too
many orders of magnitude. Such a care is generally advisable due to some
nunerical values adopted in the FORTRAN implementation, for example to
avoid overflow, but may be absolutely necessary when using the driver sub-
routine SIMA1, due to the adopted general purpose default values for some

input data, for example the stopping tolerances.

4.5.2. The Output Subroutines.

Apart from the output parameters in the call statement for SIQMA, the
package is designed to be able to perform external output also by means of
the calls to three output subroutines which must be supplied by the user:
PTSEG, PTRIAL, and PTKSUC. The calls are activated according to the value
of the control parameter IPRINT (sect. 4.2).

The subroutine PTSEG is called (if IPRINT > 0) at the end of every
agbservation period.

The subroutine PTRIAL is called (if IPRINT > 0) at the end of every
trial.

The subroutine PTKSUC is called only at the end of every sucessful
trial such that an increment occurred in the value KSUC of the maximum num-
ber of trials which had a uniform stop all at the same (current or past)
valuc of fOPT; a call to PTKSUC therefore provides the user with the oper-

ationally interesting information that a final success claim would have

....................................................................
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4.5. User-supplied Subprograms.

The user must provide the function FUNCT which must compute the
value of f(x) (sect. 1), and the three output subroutines PTSEG, PTRIAL,
PTRSUC. The above subprograms are described below: all non-integer

arguments are double precision (integer arguments are indicated by means

of the FORTRAN implicit type definition).

4.5.1. The function FUNCT

FUNCT must return as its value the value at x of the function
f to be minimized.

The function definition statement is

DOUBLE PRECISION FUNCTION FUNCT (N,X)
where

N is the (input) dimension of the problem

X 1is the (input) N-vector containing the coordinates of the

point x where the value of f is to be computed.

Note that the function f(x) should comply with the growth conditions (2.3),

(2.4) of [1], otherwise the function must be suitably modified; this may
be performed by simply adding a penalization fumction, which must be zero
on the region of interest. We note that this device can be used also to

suitably restrict the search region (for example 1in the case of periodic

functions).
It should be also noted that — although some form of automatic
rescaling is provided by the algorithm — it is certainly advisable to

avoid whenever possible to provide unnecessarily ill-conditioned functions

(for example, due to careless chnice of physical units), in order to

R ""v".'--'n.‘_‘.-‘-" e,
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4.4 The Driver Subroutine SIGMAL

In order to both give an example of how to use SIGMA, and to
save the average user the effort of deciding the numerical values for
all the input parameters of SIGMA, a driver subroutine SIGMAl is included
in the package. SIGMA1 simply calls SIQMA after assigning default values
to a number of input parameters. The subroutine definition statement is:

SUBROUTINE SIGMA1 (N, X@, NSUC, IPRINT, XMIN, FMIN, NFEV, IOUT)
where the parameters have the same meaning as in SIGMA.

All the other input parameters of SIGMA are assigned default
values within SIGMAl as follows:
H = 10720
EPS =1
DX = 107
IRAND = 0
NTRAJ = 0
ISEGBR =0
KPBRP = 0
INKPBR = 0
NPMIN = 10

NPMAX@

100

INPMAX = 50

NTRIAL = max(50,5+NSUC)

TOLREL = 107>

TOLABS = 10°°

KPASCA = 10 (if N<5); =300 (if N> 5)
INHP = 1

XRMIN(T) = -10% (1 =1,...,N)

XRIX(D) = 100 (1=1,...,N
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NPMIN (say 5 < NPMIN < 100)
NPMAX@ (say 0 < NPMAXP < 150)
NTRIAL (say NTRIAL > 50 and NTRIAL > 5-NSUC)
INPMAX (say 30 < INPMAX < 100)
The following parameters have a marked effect on package performance
and computational effort:
INHP, NTRAJ, ISEGBR, INKPBR, NSUC.
The magnitude of the effect roughly decreases from left to right.

In order to avoid untolerable growth of the computation effort or

an unacceptable degradation of the performance, the user is advised to
modify (if needed) the above parameters starting from NSUC, based on
information from the output subroutines (PTRIAL and PTKSUC). Note that
NSUC is the only ''free'' control parameter of the driver SI@Al (Sect. 4.4).
The value of KPASCA should be based on possible analytical or
experimental evidence on the ill-scaling of the function £(x). Choose a
small value (say 10) for a badly scaled function, a large value (say 300)
for a very well scaled function. The N-dimensional interval (XRMIN, XRMAX)
should be as large as possible, consistently with the purpose of avoiding
computation failures (e.g. overflow). Finally we note that due to the
joint operation of the stopping conditions for the trial (see [1], sect.
3.2.8), in order to use onlv one of the conditions it is sufficient to

put to zero the threshold tolerance (TOLREL or TOLABS) of the other con-

dition. Suggested default values of most input parameters are provided

in the driver subroutine SIGMAL (sect. 4.4).
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XMIN  is an output N-vector containing the coordinates of the point

(or possibly one of the points) where the final value FMIN of
fOPT was found. '
FMIN is the final value of the best current minimum function value

fpr.
NFEV  is the (output) total number of function evaluations (includ-
ing those used for the computation of derivatives, and for
the rejected time-integration steps).
IOUT 1is the (output) indicator of the stopping conditions as follows:
If IOUT = -99 a fatal error was detected when performing some preliminary
checking of the input data, and the algorithm was not even started; otherwise 3
the algorithm was started, and the value of IOUT is the final value of the
of the parameter ISTOPT (an output indicator of the output subroutine
PTRIAL, described in sect. 4.5.2.),
Success is claimed by the algorithm it IOUT > 0, 1i.e. if at least
one of the trials stopped with a positive value of the trial stopping indi-

cator ISTOP (described in sect. 4.5.2) and no lower value for fOPT was

found in the following trials.

4.3. Some Guidelines for the Choice of the Input Parameters.
Proper operation of the package should be almost independent of

IRAND, KPBRP (and X@). The performance of the package should not be too

sensitive to H, EPS, DX, since these are initial values of variables
Lo which are adaptively controlled by the program.
ol The following parameters are expected to have little effect on the

performance, as long as they belong to wide "insensitivity" bounds:
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XRMIN, XRMAX are input N-vectors defining an admissible region for the
x-values, within which the function values can be safely com-
puted (see [1], sect. 3.2.11, where XRMIN(I), XRMAX(I) are

MIN _MAX
lfi , ROy,

KPASCA is the (input) minimum number of observation periods, before

called

the scaling procedures are activated (Kpasca)'

IRAND 1is a control (input) index for the initialization of the
random number generator:
if IRAND > 0 the generator is initialized before starting
the trial K; with seed IRAND + Kt—l;
if IRAND < 0 the generator is initialized (with seed 0) only
at the first call of SIQMA.

INHP 1is used to control the number NHP (''duration'') of time integra-

tion steps for observation period Kp as follows:

if INHP = 1, NHP = 1 + [logz(Kb)], ("'short" duration)

if INHP = 2, NHP

[/K; ] ("medium' duration)
if INHP

3, NHP Kp (""long'" duration),
where [x] 1s the greatest integer not greater than x.

IPRINT 1is an input control index used to control the amount of printed
output by controlling the calls to the user-supplied output sub-
routines PTSEG (end-of-segment output), PTRIAL (end-of-trial out-
put), and PTKSUC (end-of-trial output related to the count of
successful trials), described in sect. 4.5.2.

if IPRINT € 0 no call to the print subroutines

if IPRINT

0 call only PTRIAL and PTKSUC

if IPRINT > 0 all the print subroutines are called.
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to a default value (NTRAJ = 7), and if the input value is
outside the interval (3,20) NTRAJ is set to the nearest
extreme value).

ISEGBR, KPBR¢, INKPBR are the parameters I, Kpo’ Mp which determine
which one of the simultaneous trajectories is to be branched
(see [1], sect. 3.2.6). (Note however that if one of the in-
put values is zero, the corresponding variable is set to a
default value: ISEGBR = (1+NTRAJ)/2, (FORTRAN integer divi-
sion), INKPBR = 10, KPBRg = 3; if the input value for ISEGBR
is outside the interval (1,NTRAJ), ISEBGR is set to the nearest
extreme value; and if KPBR@ has a value not inside the interval

(1,INKPBR), it is assigned the same value modulo INKPBR).

NPMIN is the (input) minimum duration of a trial, i.e. the minimum

nunber of observation periods before checking the trial stopping

condition.

NPMAX@# 1is the (input) initial value (i.e. for the first trial) for

g the maximun duration of a trial, i.e. for the maximum accept-
NS

Eﬁfj able number NPMAX of observation periods in a trial 0%%MK)'
;ﬂ' INPMAX is the (input) increment for NPMAX, when NPMAX is varied from
gl one trial to the following one.

.

F:;~ NSUC is the (input) number of successful trials (with the same final
LEIJ value fOPT’ see sect. 2) after which the comnutation is

;;{ stopped (NSUC).

;:f NTRIAL 1is the (input) maximun allowed number of trials, after which
[

' the computation is stopped (NTRI AL) .

Al
34

TOLREL and TOLABS are the (input) relative and absolute tolerances for

DO
LY

«

vy
1,

A" et .

2 8 A_D a2

stopping a single trial (TREI’ ToRg® See [1], sect. 3.2.8).

-
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N, X@, H, EPS, DX,

NTRAJ, ISEGBR, KPBR@, INKPBR,

NPMIN, NPMAX@, INPMAX,

NSUC, NTRIAL, TOLREL, TOLABS, XRMIN, XRMAX

KPASCA, IRAND, INHP, IPRINT
SIGMA returns to the calling program the output parameters

NTRAJ, ISEGBR, KPBR@, INKPBR,

XMIN, FMIN, NFEV, IOUT
The call parameters are described in the next section.

We note that the SIQMA package gives the user the possibility of
obtaining — during algorithm evolution — the values of a number of
other parameters by means of the output subroutine (to be supplied by
the user) which are described in sect. 4.5.2. The parameters are

KP, NF, XOPT, FOPT

XPFMIN, FPRMIN, FPFPMAX, FTFMIN, FTFMAX, FTFOPT

ISTOP, ISTOPT, KSUC

and are described in sect. 4.5.2.

4.2. Description of the parameters of the call statement for SIGMA.
N 1is the problem dimension (number of coordinates of a point x)
X@ is an N-vector containing the initial values of the x-variables
H 1is the initial value of the time integration steplength.
EPS is the initial value of the noise coefficient
DX initial value of the magnitude of the discretization inCrement
(Ax) for computing the finite-differences derivatives.

NTRAJ is the number of simultaneous trajectory segments (NTRAJ)'

(Notc however that if the input value is zero, NTRAJ is set
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4. USAGE

In order to use the package the user must provide:

a) a driver program which calls the principal subroutine SIQMA,

b) a set of four auxiliary subprograms (to compute the function

f(x) and to output the results).

The CALL statement for SICMA is described in sect. 4.1, the para-
meters of the CALL statement are described in sect. 4.2, Some guidelines
for the choice of the values of the input parameters are given in sect.
4.3. A sample driver subroutine (SIGMALl) which calls SIGMA is described
in sect. 4.4: such a subroutine assigns default values to a number of
input parameters to SICMA: it has therefore a considerably lower number
of input parameters, and can be used as an easy-to-use driver for the

average user. The user-supplied subprograms are described in sect. 4.5.

4.1. Call to SIGMA

The call statement is

CALL SIGMA (N, X@, H, EPS, DX,
NTRAJ, ISEGBR, KPBR@, INKPBR,
NPMIN, NPMAX@, INPMAX,
NSUC, NTRIAL, TOLREL, TOLABS, XRMIN, XRMAX,
KPASCA, IRAND, INHP, IPRINT,
XMIN, IMIN, NFEV, IOUT)

The program calling S1GMA must set the input call parameters
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(standard gaussian, standard Cauchy ([1], sect. 3.2.7), uniform in (-1,1)
or (0,1)) by calling UNIFRN.

-i;i UNIFRN generates an element of a sequence of independent pseudo-
random numbers uniformly distributed in C,1), by calling ALKNUT and
performing a further (nonlinear) randomization.

ALKNUT generates an element of a sequence of independent pseudo-
random numbers (algorithm of Mitchell and Moore, modified as suggested
by Brent, see ref. [3]).

GAUSRV generates an element of a sequence of independent pseudo-
random N-vectors, having an N-dimensional standard gaussian probability
distribution, by means of a rejection method, and based on uniformly
distributed (-1,1) pseudo-random numbers obtained by calling CHAOS.

UNITRV generates an element of a sequence of independent pseudo-

random N-vectors uniformly distributed on the unit sphere in RN.




updates a number of parameters (using ITOLCH and RCLOPT)

checks the algorithm-stopping criteria

possibly performs end-of-trial outputs by calling PTSEG, PTRIAL,

and PTKSUC (see 4.5.2)

The subroutine STOOPT and RCLOPT respectively ''store' and ''recall"
the current values of the best minimum FOPT and of the corresponding
minimizer XOPT.

d) Subprograms for rescaling the variables: INISCA, NOSCA, SEGSCA,
VARSCA, CUMSCA, ACTSCA, MOVSCA, UPDSCA, EIGSCA ([1], sect. 3.2.12).

INISCA initializes the common area /SCALE/ for the scaling data.

NOSCA deactivates the rescaling.

SEGSCA selects the trajectory which must be rescaled.

VARSCA computes the rescaled variables Ax + b.

CUMSCA stores cumulated statistical data on the ill-conditioning
of f(Ax +Db).

ACTSCA activates the rescaling. -

P MOVSCA woves the scaling data from the first to the second con-
,,:Z::: tinuation of a branched trajectory.

UPDSCA updates the scaling matrix A and vector b by calling
EIGSCA and VARSCA.

EIGSCA computes the largest eigenvalue of a matrix used for rescal-
ing, starting from randomly chosen estimates (obtained by calling UNITRV)
of the corresponding eigenvector.

e) Subprograms for pseudo-random number generation: CHAOS, UNIFRN,
ALKNUT, GAUSRV, UNITRV.

CHAOS generates an element of a sequence of independent pseudo random

numbers, each one having one out of four possible probability distributions

.....
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- 4.0, Storage Requlrements
The STQMA package contains a total of about 1900 statements (inci. l
ing some "00 comment linesi. This amounts on the ASCII FORTRAN compiler

(with optimization optioni of the UNIVAC EXEC 8 operating system to a stor-

dge requirement ot about D0 (36b-bit) words for the instructions, about

2500 words for the data, and about 14,000 words for the COMMON area. The

requirement tor the arrav dimensions are 4N 36-bit words. .
|

4.7. Lxample

et N=2, x-= t’xl,x;)l, and consider the six-humps camel func-
. . ) 6 4 2 2 .
tion f(x) = %xl - 20l x, o+ J.x'l' * XXyt lxi - 4x5 which has four non-
- N i - - -

global minima, and two global minima at x ~ = (-0.08984Z2, 0.712()6)T where

f ~ -1.03163. The sample program listed in fig. 1, which uses the easy-

. . . {
to-use driver SI(MAl, was run on a UNIVAC 1100/82 computer with EXECS .
operating svstem (level 38R5) and ASCII FORTRAN compiler (version 10R1A), :
starting from Xy = (0,0)T and with NSUC = 3. )
. . I
The program claimed success (IOUT = 1) stopping correctly at one ot .
::i:j the ¢lobal minimizers, using 19660 function evaluation. The printout show:’ ‘
o . .. '
b that if Noye had been equal to 1 (resp. 2), the minimum would have been ‘.
e |
r‘. found with only 2097 {resp. 8543) function cevaluations,
o
o
.-'_;: ACKNOWLEDGEMENT:  One of us (F.Z.) gratetully acknowledges the hospitality
2
® and the support ot the Mathematics Rescarch Center of the University ot
- 3
e Wisconsin and of the Department of Mathematical Sciences of Rice University
::;: where part of this work was done.
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MAIMN PRCGTRBM (SAMFLE VERSIZN)
CALLS SIGMA VIR THE PRIVFR CcuB

GOUBLE PRECISICN XL xMIN,cfVIN
CIMENCSION XC() gxmIN(C2)
TEST PRCECLEw CATA

PRCBLEM DIMENSICN

- -
N = ¢

INITIAL POINT
XxC(1) = C.00
XxC(2) = 2.0C

(3]
n
-4

INMPUT PBRAMETERS
LSUC = T

IFRINT = D

CeLL DFIVER SUSRCUTINE 5IG%AY
CALL SIGMAT(N,XCyNSUC,IPRINT,

(=]

M W

T
N

£y )

CcCUFLY PRECISICN FUNCTION FUN
CO¥PUTES ThF VALUF AT X QF THE

S2UTLE FRECISICN X aXX,vY
CTRENTISN X (N

XX = X(*)ex(1)

YY = Y (T)ex ()

FUMCT = ((xXx/3,00=2,100)+YX+4
* SL T (YY=1, 00 ) Y

EETUEN

END

POUTINE  SIGYAY

XMINGZFMINGNFEY,I0UT)

€T (N,

SIx=-Hy™Mp CAMEL FUNCTION

D) exx+x(1)ex(2)

I RO |
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APPENDIX A6

The FORTRAN vackage 3IGMA.
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aFIN,S ACR/A FILESIGRA,TPFS . FILESIGRA
fYN 10RIA  C2712/85-22:p2(Q,)
Te SUBROUTINE SIGMATER XD NSUC IPRINT JXNIN,FRINNFEV,I0UT)

VA ar '

A 2a C
n Yo C SIEMAY IS A “DRIVER” SUBRDUTINE WHICH SIMPLY CALLS TYHE pRINCIP AL .
LN 4. C SUBROUTINE SIGMA AFTDER MAVING ASSIGNED DEFAULY VALUES YO A NUPBER -
S ) Ce C OF INPUT PARAMETERS OF SIGNA , AND MAS THERE FORE A CONSIDERABLE K
L (Y € LOWER NUMBER OF INPUY PARAMETgRS
i 7. £ 1T CAN BE USED AS A SIMPLE EXAMPLE OF HOVW YO CALL 316MA , BUTY ]
- B € ALSO AS AN EASY=TO-~USE DRINER FOR THE AVERAGE USER, WHICH MAY F IND :
‘ 9. € IV gASIER TO CALL Slemat INSOEAD OF SIEMA o, THUS AVOIDENG TNE

10. ¢ TROUBLE OF ASSIGNING A VALUE TO ALL THE INPUT PARAMETERE OS Sl ema h

1. € ALL THE PARAMEVERS 1N THE DEFINITION OF SIGMAS HAWE THE SARE PEA- .‘

$2. € NING AS IN SQGMA . !

13. C "

1. C THE USER OF SIGNAT UST ONLY GIVE VALUES TO THE TNPUYT PARAMET ERS s

15« 4 N, X0, NSUC, JPRINY

16, C AND OBVAINS ON OUTPUT THE SAME OUTYPUY PARARETERS OF S16R4

17. [ 4 ANINe FRINg NFEV, 10U

18. C

19. C VWE RECALL HERE THE MEANING OF THE ABOVE PARAMETERS

20. 4

21. cC W IS THE PROBLEM DIMENSION (NUMBER OF VARIABALES)

22. ¢ x0 IS AN N-VELAOR CONTAINING THE INIIZ AL VALUES OF THE

23 c A~VARLABLES

24, [ S 111] 4 IS INWE NUMBER OF SUCCESSFUL TRIALS (WITH TWE SAME FInAg

25 C VALUE FOPY ) AFTER WHICH THE COMPUTA TJON 316 STOPPED,

26. £ IPRINT IS AN INDEX USED 0O CONIROUL THE AROUNT OF PRINTYED OUTPU

27. 4 BY CONTROLLING THE CALLS TO THE USER-SUPPLLIED OUTPUT SU B~

28 . [ o ROUTINES PISEGC AEND-OF-SEGMENT OUTPUE), PTRIAL (END -

29. 4 OF-TRIAL OUTPUT), AND PTKSUC C(END~OF -TRIAL DUYPUT RELA D

30. c TO THE LOUNTY OF SUCCESSFUL TRIALS), VWMICH ARE DESCRIBED

3. 8 BELONM.

32. < JPRINT.LY.D ND CALL 70 THE OUTPUT SUBROUTINES

33. [« IPRINT.EQ,O CALL ONLY PTRIAL AND PIKSUC

34, 4 IPRINT.E6T.0 CALL ALL OUTPUT SUBROUT INES.

35. C XNIN IS AN N-VECYOR CONTAINING THE CODRDINANES OF THE POINT

36 < (OR POSS1IBLY ONE OF THE ROINTS) WHERE TNE FINAL WALWE FrIN

37. r'd OF FOPT WAS FOUND.

38. € FRIN IS THE FINAL NALUE OF THE BEST CURRENT MINIAUNR FUNCTION

39. [ 4 VALUE FoPY.

40. € NFEV IS THE TOTAL NUMBER OF FUNCTION CEVALUATYION (INCLUDING

41, 4 THOSE USED FOR THE CORMPUTATION OF OERIVATIVES , AND EOR

42, € THE REJECTED TINE~INTEGRATION SUEPS),

43. £ 10Ut IS THE INDICABOR OF YHE STOPPING LOND ITIONS/, AS FOLLOWS

44, C IfF I0UT = =99 A CFATAL ERROR WAS DETECTED WHEN PERFOR-

45, [d MINGE SOME RRELIMINARY (HECKING OF THE 1NPUT DATA, AMC

46. (4 THE ALGORLINM WAS NOT EVEN STARTED

47 < OTHERWISE THE ALEGORITHM WAS STARTED, AND THE VALUE OF

48, 4 TI0UT 1S THE FINAL VALUE OF WHE INYERNAL PARARNETER 18STCPY

49, 4 (AN OUTPUT INDICAIDR OF THE USER-SUPPLIES BUBROUTINE

50. [4 PIRIAL ).

51. € SUCLESS 1S GLAINED BY WNE ALGORITMR IF 10UT L6V. O,

52 4 Ta€ea 1F AT LEASYT ONE OF THE TRIALS STOPPED UNIFORNLY AY THE

53. C LEVEL OF THE CURRENT FOPT,

S540. €

55, POUBLE PRECISION XU, XNIN,FRIN

!
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56. DOUBLE PRECISION DXALEPSyH,TOLABS ,JOLREL 1

$7e DOUEBLE PRELISION VRMAX VRRINXRMAK NXRMIN [
58, DINENS JON XO(N) JXMINCND
59. DIMEASION XRMINC10Q) XRMAX(400)
60. DATA VREIN VRMAX /=1.0491.D4/
61. DATA NTIRILDISO/
62. [ 9 :
6%, H = 3,030 §
64, (PS = 1,00
65. X = 1.0"9 |‘
66. IRAND = O :
67 NTRAY = :
68. ISEGBR = O 1
6%, INKPBR = (0
70. KPEBRO = 0
71, NPMIN = 10
72 NPRAXD = 100
3. INPRAR = 5
74, NTRIAL = RAXO(NTRILO,S9NSUC)
75. TOLREL = 1,03
76 TOLABS = 1.0-6
77 KPASCA = 10
78. IF(N.6T.5)kPASCA = 300
79. INKP = §
80. 00 1 IX = {,N
1 21, NERINCIX) =yRM]IN
1 82, ARMANCIX) sYRMAX
1 83. 1 CONTINUE
] 84. (8
8%, CALL SIGMA ( wy X0y Ne EPS, DX,
8¢, 1 NIRAY, 1SEGBE, KPBRO, INKPER,
87. 2 NPRINe NPMAX(O, INPRAX,
es, 3 NSUC, NTIRIAL, TOLREL, TOLABS, XRMIN, XRMAX,
8%. & KPASCA. TRAND, INHP, IPRINT, -
Ne. b] XRINy FRIN, MFEV, I0UT )
91. [ 4
92. RETURN
93. END
94, SUBROUYINE SIGRA ( N, X0, M, EPS, DX,
9% . 1 NTRAJ, ISEGBR, KXPBRO., I NKPBR,
96. 2 NPMIN, NPBAXO, INPRMAX,
97. 3 NSUC, NTRIAL, TOLREL, TOLABS, XRMIN, XRNWA X,
98. & KPASCA, IRAND, INNP, IPRENT,
99, b] XNIK, FRIN, NFEV, 10VUT )
100. 4
101, € THE SUBROUTINE SIGMA IS THE PRINCIPAL SUBROUVINE OB THE PACKA €F
102. € SIEMA, wHICH ATTEMPTS TO FIND A GLOBAL NININI 2ER OF A REAL vALU 0
105. € FUNCTION FUX) = F(NTgea0aeXN) OF N REAL VARIABLES XlseaaodN.
104, € THE ALGORITHM AND THE PACKAGE ARE DESCRIBED IN DETAIR 1IN THE TN (

- - o T I . A T, . N
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105. € PAPERS PUELISHED IN VHE SAME 1SSUE OF TNE AoCoMe TRANSACYIONS O N
106 € MATHEMATICAL SOFTWARE, BOAH BY
N 107. ¢ fo ALUFFI~PENTINI, V., PARISY, F. ZIRILLI.
- 108. € (1) A GLOBAL MINIMIZATION ALGORITHM USIME STOCHASYIC DIFFERENT JAL
: 106. < EQUATIONS
: 10, € €2) ALGORITMM SIGMA, A STOCHASTIC~INTEGRATION GLOBAL MININIZAY ION
1M1, ALGORYTHM,
117, € THE SOFTYWARE IMPLEMENTATION AND 175 USAGE ARE DESCRIBED IN (2).
113, ¢
- 114, C METHOD
Y 115, C
ii 116, € A GLOBAL MINIMIZER ofF F(X) ]S SOUGHT BY MON IFORING THE VALDES OFf
117. € F ALONG TRAJECTORIES GENERATED By A SylyABLE (STOCHASYIC) IS¢ RE-
- Y18, € TIZATION OF A SIRST-ORDER STOCHASTIC DIFFgREN YAAL EQUATION INSPIRED
- 319, € BY STATISTICAL WECHANICS. STARTING FROR AN INMIAL POINT X0 ,
‘ 120 € X IS UPDAVED BY THE (STOCHASTIC) DISCRETIZATION SAEP
, 121, ¢ X = X ¢ DX1 + DX2
: 122. € VHERE BX1 = - M + GANM (FIRST WALF=STEP)
: 123. ¢ DX2 = EPS s SQRTIHD s U  (SECOND HALF-STEP®
Il 124e € ANp H IS THE VIME-INTEGRATION STEPLENGYM,
" 125. C GARIN 1S COMPUTED AS A FINITE-pI§FERENCE APPROXIRATION O TME
S 126« € DIRECTIONAL DeRIVAVIVE OF F ALONG AN IsOTR0plCALLY RANROM
E 127. (4 DIRECTION,
12%. € EPS IS A POSIVIVE “NOYISE” COEFFICIENT, AND
129. € U 1S A RANDOM SARPLE FROM AN N-DIMENSIONAL GAUSSIAN DISTRIBDTI (N,
. 130. € WE CONSIDER THE SIMULTJANEOUS EVOLUYION OF A GIVEN FIXED NUMBER
o 131« € NTRAJ OF TRAJECTORIES DURING AN OBSERVANION PERIOD IN NNICM FOG
= 137. € EACH TRAJECTORY EPS IS FIXED WHILE W AND THE SPATIAL DISCRE M~
. 133. € ZIATION INCREMENT OX FOR CONPUTING GAN ARE AUTOMANICALLY
134. € ADJUSTED BY THE ALGORITHM,
135, € AFTER EVERY OBSERVAJION PERIOD ONE OF TME TRAJECTORIES IS OLECAGOED,
- 136, £ ALL OTHER YRAJECTORIES CONTINUE UNPERTURBED, AND ONE OF THEM 1S SE-
- 137¢ ¢ LECTED FOR BRANCHING, JoFo. GENERATING ALSO A SECOND PERIURBED C (INTI~
Il 138, € NUATION, WMITH DIFFERENT STARTING EPS AMD DX (AND TME SARE
. 130, ¢ “PASY HISTORY” OF YHE FIRST).
- 140, € THE SET OF SIMULTANEOUS TAAJECTORIES IS CONSIDERED & SINGLE FRI AL,
o 441. T AND THE COMPLEVE ALGORITHM IS A SET OF REPEATED VRIALS.
e 142. € A TRIAL 1S STOPPED, AY JHE END OF AN OBSERVABION PERTOD, AND AF IgR
i 143. € MNAVING DISCAROED THE MORST TRAJECTORY, IFf ALL YHE FINAL MWALUES CF
- 144, € F FOR THE REMAINING TRAJECTORIES ARE EQUAL (WITHIN NUMERICAL V(-
e 145. ¢ LERANCES, AND POSSIBLY AY BIFFERENY POINTS X) TO FUMEIR MININUN
) 146. € VALUE FTFMIN (“UNIFORM STOP AT THE LEVEL FTERIN “),
"3 147« € Ap UNIFORM STOP IS CONSIDERED SUCCESSFUL ONLY IF TME FINAL VALU g
148. € FTFMIN IS CNUMERICALLY) EQUAL JO THE CURRENY BEST MINIRUR F§OP)
149. € FOUND SO FAR FRONM ALEORITHN STARY,
150 € A TRIAL IS ALSO ANYWAY STOPPED (UNSUCCESSFULLY) IF A GIVEN NAXI PUM
159. € NUMBER NPMAX OF OBSGRVAJION PERIODS WAS ELAPSED. ‘
- 152. L TRIALS ARE RFPEATED WAITHN DIFFERENT OPERATING CONDITIONS (ANIVIAL
® 153, € POINY, MAX JRAAL LENGTH NPMAX , SEED OF NOISE GENERATOR, POLICY q
ol 154, £ FOR CHOOSING THE STARDING EPS FOR THE PERTURBED CONTINUATION, 2
155. £ AND TRIAL-STARY vALUE of E£PS ). 2
156. C THE ALGORITHM IS STOPPED, AT THE END OF A TRIAL, IF A GIVEN WUMBER g
157 € NSUC OF UNIFORM STOPS AT TNE CURRENT FOPT LEVEL HAS BEEN REACMED, R
] 158. € OR ANYWAY IF A GIVEN MAXTIMUM NUMBER NTRIAL OF TRIALS HAS BEEN ]
. 159. € REACMED. »
® 160. € SUCCESS IS CLAIMED IF AY LEAST ONE UNIFORM STYOP OCEURRED AT ¥NE 4
: 16t1. € FINAL VALUE OF FOPT. .
S 3 i
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162.
16%.
164,
165,
166,
167.
162,
169,
170,
171,
172.
173
174,
17S.
176,
177.
178,
180.
181,
182.
183.
184,
’85.
186,
187,
188.
189,
190.
191,
192,
193.
104,
19%.
! 196,
) 197.
198,
199.
200.
20%.
202.
203.
204
20%.
206,
207.
208.
209«
210.
211,
212.
21%.
214,
215,
214,
217,
218,
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CALL STATEMENT

THE CALL STATEMENT IS

CAaLL

SIGRA ( N, X0 H, €PS, DX,
NTRAJy ISELBR, KPBERO, INKPBR,
NP INy NPMAXC, INPMAX,
NSUCo NTRIAL, TOLREL, TOLABS, XRMIN, XRRAX,
KPASCAy IRANDy INHP, IPRINT,
XMing FHINg NFEV, IOUT )

CALL PARANMEJERS

INPUT PARAMETERS ARE THOSE IN LINES 1,3,4,5 OF THE CALL STASERE 1T,
INPUY=CQUTPUT PARAMETERS ARE THOSE IN LINE 2,

OUTPUY PARAMETIERS ARE THOSE IN LINE 6.

NOTE THAT A NUMBER OF OTHER (1INT: RNAL) PARAME TERS CAN BE OBTAIN iD
BY MEANS OF THE USER-GUPRLIEO OUTPUT SUBBOUTINES PASEG, PYRIAL ,
AND PIKSUCs WHICH ARG DESCRIBED BELOW.

DESCRIPTION OF THE CAyy PARAREVERS

N
X0

H
EPS
DX

NIRAS

1SEGBR,

NPRIN

Is THE pROBLERM D IMENSION (KUMBER OF VARIABLES)

1S AN N-VECIOR LONFJAINING THE INITIAL VALUES OF TuE
X-VARIABLES
IS THE INITIAR VALYE OF THE TIME~-INTEGRATION STEPLENGTH,
IS THE INITVIAL VALUE OFf THE NOISE COEFFICLENTY,
IS THE INIVIAE VALUE OF Whe MAGNITUDE OF THE BISCRETIZA TION
INCREMENT FOR COMPUTINE THE FINITE-DIFFERENLE DERIVATIVIES.
IS THE NURBER OF SIRULTANEOUS TRAJECTORIES.
(NOTE HOWEVER TMAT 1F THE INPUT VALUE 1S IERO0, NTRAJ 1S
SET TO A DEFAULT VALUE (NMTRAJ = T), AND 1F 4NE INPUT VA LUE
IS OVYHERWISE QUESIDE THE INTERVAL (3,20) NABAJ 1§ SEY T (
THE NEAREST EXTYRENWE VALUE).
KPBROy INKPEBR DETERWINE, AT THE END OF AN DBSERVATION
PER1IODs WHICH ONE OF THE SIMULTANEOUS SRAJECTORIES
1S TO B8E BRAMCHED, AS FOLLOMWS.
BRANCHING 1S NORMALLY PcRFORMED ON THE TRAVECTORY WMHICH
OCCUPIES THE PLACE ISEGBR IN THE TR AZECTORY SELECYION OR-
DERING, EXNCEPY AT (THE END OF) gXCEPY JONAL OBSERVATION
PERIODS, WHERE THE FIRST TRAJECTORY IN THE ORDERING 1S
BRANCHED. EXCEPTLIONAL BRAMCHING OCCURS AT THE OBSERVATI(N
PERIODS NMUMBEKED kP = KPBRO L] J‘l“"gk' (J = 1.2.3,-..1.
VHERE FORE I1SEGBR SELECYS THE LEVEL (IN TNE ORDERINE) v
WHICH NORMAL BRANMCNING OCCURS, WNILE KPBRD AND INKPRS
SELECT THE FIRSY QCCURRENCE AND THE REPEVYITION FREQUENC?
OF THE EXCEPTIONAL OBSERVATION PERIODS.
(NOTE HOWEVER THAT IF ONE OF THE LINPUT VALVUES IS Z1cR0,
THE CORRESPONDING VARIABLE IS SET TO A DEFALLT VALUE
ISEGBR = INTCLIINIRAJ)I/2Y, INKPBR = 10, KPBRD = 3.

1F THE INPUT VALUE FOR ISEGBR IS OV MHERWIGE OULSIDE THE
INTERVAL (1,uTRAJY, ISEGBR 1S SET T0 YHE NEARESY
EXTREME VALUE, AND 1€ XPBRO MHAS A VALUE NOT INSIDE THE
INTERVAL (1,INKPBR), IT 1S ASSIGNED THE SARE VALUE
mODULO INKPBR),
IS THE MRININUN ODURATION OF A TRIALg I .E. THE MININUN
NUWGER OF OBSERVAJION PER]IODS THAT SHOULD ELAPSE BERSRE
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219,
220.
221.
222.
223.
2264,
225
226.
227.
228,
229.
230
231.
232,
233e.
234,
235.
236,
237.
218.
239.
240.
241.
242.
243,
244,
245,
244
247,
248 .
249,
250,
25%.
252.
253,
254
25S.
256,
257
258,
259,
260.
26%.
262.
263,
264,
265
266,
267
268,
269
270
271,
272,
273.
274.
275.
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NPRAXC

INPHAX
NSUC
TOLREL

ARMIN,

KPASCA

IRAND

INNP

IPRINT

XMIN

FRIN

NEEV

1007

T T I

STARTING TO CHECK THE TRIAL STOPPING CRITER1A,

IS THE MAXIRUR OURATION OF THE FIRST TRIAL, 1.E. THME
VALUE, FOR THE FIRST TRIAL, OF RMAXINUN ACCEPTABLE
NURBER NPMAX OF OBSERVATION PERIODS UIN A AR]IAL,

1S THE INCREMENT FOR NPRMAX , WHEN NPMAX IS VARIED
FROM ONE TRIAL TO VHE FOLLOWING ONE,

1S THE NUMBER OF SUCCESSFUL TRIALS (WITH THE SANE FINAL
VALUE FOPT ) AFTER WHYCH THE CONMPUTATPON 1S STOPPED.
AND TOLABS ARE THE RELATIVE AND ABSOLUTE JOLERANCES
FOR SADPPING A SINGLE TRIAL,

XBMAX ARE N-WECTORS DEFINING THf ADNISIBLE REGION FOR
THE X-VALUES, WITHIN WWILH THE FUNCTION VALUES CAN BE
SAFELY CORPULTED.

IS THE NININUN NUMBER OF TRAJECTORY S EGMENES THAY shOutte
ELAPSE BEFORE THE RESCALING PROCEODURES ARE ALTIVATES.
1S A CONTROL BINDEX FOR THE INITIALIZATION OF THE RANOONM
NURBER GENERATOR.

IRAND.6T.0 Thg GENERATOR XS IMIVERLIZED, GEFORE STAR -
TING THE TRIAL K3, WITH SEED IRANDOXT-Y
TRAKD LELD TWHE GENERATOR IS INIVIALIZED «NITH SEED @)

OMLY AT gHE FIRST CALL O¢ S16M,
IS A CONTYROL INDEX FOR SELECTING THE NUMBER NHP OF YIPE~
INTEGRATION SPEPS FOR DOBSERVATION PERJOD KP (DURATION (F
TRIAL KP) AS FOLROWS (L0G IS BASE 2)

INHP=T NHP = 1 ¥ INT(ROG(KP)) C “SHORY” DURATION)
INHP =2 NHP = INT(SQRT(KP)) C REDIUR” DURATION)
INHNP=3 Nhp = P C°LONG” DURATION)

1S AN INDEX USED X0 CONYROL WHE AROUNT OF PRINTED OMTPU
BY CONTROLLINE THE CALLS TO YHE USER-SUPPLIEDP OUTPUT SUE~-
ROUTINES PISEGC AENO-OF-SEEMENT QUTPUI), PTRIAL CEND -

OF~TRIAL OUTPUT), AND PTKSUC (END-OF -TRIAL OUTPUT RELA JED .
7O THE COUNT OF SUCCESSFUL TRIALS), WMICH ARE DESCRIBED e
BELOW. -
IPRINT.LT.0 NO CALL Y0 THE OUTRUY SUBROUTINES :!?

IPRINA.EQ,O CALL ONMLY PTRIAL AND PTKSULL

IPRINI.GY.0 CALL ALL OUTPUN SUBRDUT INES.

1S AN N=VECTOR COMTAINING THE COORDINATES OF THE POINT .

(OR POSSIBLY ONE OF THE POINVS) WHERE THE FENAL VALUE MmIN 5]

OF FOPT WAS FOUND. o

IS THE FINAL NALUE OF THE BEST CURRENT RINIMUR FUNCIION

VALUE FOPT.

IS THE JOTAL NUMBER OF FUNCTION EVALUATION <ENCLUDING

THOSE USED FOR THNg COMPUTATION OF DERIVATIVES, AND £OR

THE REJECTED TIRE~INTEGRATION STEPS),

15 THE IN! 1CAAOR OF THE STOPPING CONDIVIONS, AS FOLLONWS

IF JOUT = =99 A FATAL ERROR WAS DETECTED uwHEN PERFOR-
MINE SOME PRELIMINARY CHECKING OFf TME INPUT DATA, ANT
THE ALGORIMHAM WAS NOT EVEN STARTED

OTHERWISE THE ALGORITHM WAS STARJED, AND THE VALUE OF

TOUT IS THE FINAK VALUE OF THE INTERNAL PARAMEYER 1STCPY

(AN OUTFUT INBICATOR OF THE USER~SUPPLBED SUBROUTINE

PIRJAL o, DESCRIBED BELOW),

SUCCESS 1S CLAIRED BY NME ALGORIAMM JF JOMT .63. O,

T+€¢ 1IF AT LEASY ONE OF THE TRIALS ST.OPRED MITH A POSIT IVE

VALUE OF THE TRIAL STOPPING INDICATOR 1STOP (AN OUTPUY

INDICATOR OF JHE USER-SUPPLIED SUBROUTINE PTYRIAL

DESCRIBED BELOW), AND NO LOWER VALUE FOR FOPT 1WAS FOUND

L I R
FEPRPUE ST A Sl O Wy U . WU




R N e T T e T s e %
[ BAecaan e e Eas St Saie Jha S-S v e - AT

276. € IN THE FOLLOWING TRIALS,

277 c

278, € USER-SUPPLIED SUPROGRARS

279. C

280, C THE USER MysT PROVIODE THE FUNCTIOM FUNCT T0 COMPUIE K (X)),

281, € AND THE THREg OUTPUT SUBROUTINE PYSEG, PYRIAL, pIKSUC .

282. £ THE CALLS TO THE OUTPUT SUBROUNINES ARE LONFROLLED 6% IPRINT
283. € CINPUT PARARETER 10 SIGMAD.

284. € A USER NOT INYERESTED IN USING AMY ONE OF THE OUTPUN. SUBROUTINES
28%. C MUST PROVIOGE A OURMY SUBROUTINE (wITH BETURN AS TuE OmY

286. € EXECUTABLE STATEMENT) TO AVOL1D UNRESOLVED REFERENCES.

287. € IN THE FOLLOWING DESCRIPTION ALL NON-INTEGER ARGUMENTS ARE

288, C OOUBLE PRECISION (INTgGER ARGUMENTS ARE INDICAVED BY NEANS OF ThE
289. C FORTRAN IMPLICIT TYPE DEFINITION CONVENTION).

290, €

29%. c THE FUNCEION FUNCY

292. ¢

293, < FUNCT MUST RETURN AS JTS VALUE THE VALUE Ay X ©OF TRE FUNC T8N
294, c TO BE MINIRIZED

295 c THE OEFINITION STADERENT IS

296. (4 POUBLE PREC1ISION FUNCTION FUNCT (B, X)

297. c WHERE

29er., < L] 1S THE (INPUT) DINENSION OF THE PROBLESN,

299. c X IS THE CINPUT) N-VECTOR CONTAENING THE COORDINATES OF THE
joo. 1 ¢ POINT X WHERE THE FUNCSION 35 TO BE CORPUTED,

301. c

362, C THE SUBROUTINE PTSE6

503. 4

304, < PYSEG 1S CALLED ()F IPRINV.6TV.00 AT TME END OF EVERY OBSER -
305. C VATION PERIOD,

306 L8 THE DEFINITION STATEMENY ]S

107. € SUBROUTINE PISEE ( N, XPFNIN, FPFAIN, FPFRAX,

3p8. C kP, NFEV, IPRINT )

309. c WHERE

310. 4 N IS YHE C(INPUT) DIRENSION OFf THE PROBLENM

311, « FPFRIN, FPEMAX ARE RESPECTIVELY THE NININUR ANO THE NAXIWNUM
312, ¢ ANONG THE VALUES OF B5(X) OBVAINED AT THE FINAL POINTS OF
313, '3 THE TRAJECTORY SEGMENTS OF THE (JUST ELAPSED) OBSERVATION
314. 4 PERIOD KP,

315 C APERIN 1S AN N-VECTOR LONTAINING THE COORDINAVES OF WNHE

316, 4 (FINAL) POINY (OR ROSSIBLY ONE OF THE POENTSO WHERE

7. c FPFM1N WAS OBTAMNED.

318. c {4 1S THE TJOTAL NUMBER OF ELAPSED OBSEAVATION RAERIODS 1N
319, ¢ THE CURRENT TRIAL,

320, ¢ NFEY 1S (THE TOTAL NUNBER OF FUNCTION EVALUATIDNS PEpFORIED
32%. € FRON ALGORITHNA START.

122, c

323, c THE SUBROUTINME PIRIAL

324, c

325. 4 PTRIAL IS CALLED (1§ IPRINT.GE.OD AT yHE END oF EVERY TRIAL.
326. C TNE OEFINITION STATEMENE IS

327. < SUBROWIINE PTRAAL ( N, XOPT, FOPT,

328, c FTERIN, FYFNAX, FT FOPT,

329. < I1STOP, 1STOPT, NFEV, KRy, IPRINT ) ’
330. 4 WHERE n
131, C N IS TME C(INPUT) OINMENSION OF THE PROBLEW. "
i32. ¢ nory IS AN N-VECTOR CONTINING THE COQROINATES OF THE K

'
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333, [ POINY COR POSSIHBLY ONE OF THE POINYES) WHERE THE CURRENTY -
334, 4 PINIRUN  FOPY WAS OBYAINED. :
135. C FOPT IS THE CURRENT BEST RMINIMUM VALUE FOUND FOR § FEOM -
336 (4 ALGORITHM START ( FOPT IS UPDATED MMENENER A FUNCT]ION !i
337. 4 VALUE 1S COmPUTED). -]
338, ¢ FYEMIN, FYSMAX ARE RESPECTIVELY TYWNE MININUR AND THE RAXIMUP ]
339, 4 AMONG THE VALUES OF F(X) OBVAINED AT TMHE FINAL POJINES OF :
340, (s THE L&ST TRAJECTORY SEGMENTS OF TNE CURRENY WRIAL. .
14 £ FYFOPT 1S THE CURARENI RINIRUR VALUE OF FYFRIN ARONG TINE 1
342 < TRIALS WHICH DID NOd STOP FOR REACHING THE MAXYRMUM ALLODWE L
343, c NUMBER OF SEGMENTS (STOPPING IMDICATOR ISTOP = O, SEE
344 € BELOW). §TFOPT 1% USED BY SIGMA TO COMPUTE wSUC (INSUT
345. 4 PARAMETER 70 JHE pUIPUT BUBROUT INE PIKSUK , SEE BELOW),
346. 4 (3 IS THE TOTAL NUMBER OF ELAPSED OBSERVAYION pERlpds IN
347, < THE CURRENT I<IAL,
348. C NFEV IS JHE TOIAL NUMBER ©F FUNCTION gVALUATIOMNE RERFORMED
345. < FROM ALGORITHM START
350. < 1ISTOP 1S YHE INDJACATOR OF THg STOPPING CONDITION OF WYME yp AL,
351. (4 AS FOLLOWS
3152. C 1STOP = 0
TS, C THt MAXIRUR MUMBER NPMAX OF OBSERYAYIQN PERIODS KAS
3564, < BEEN REACHED .
355, C ISTOP.NE. O
156, (4 ALL THg END-OF-SEGMENT VALUES OF FCx) , (EXCEPT FOR TE
357. (4 JUST DISCARDED SEGMENE) ARE CLOSE ENOUGH 5O THEIR COMM N
352, 4 RININUR VALUE FPERIN , VITH RESPECT €0 AN ABSOLUTE OR
359, 4 RELATIVE OLEGERENCE CRINERION, 7O BF COMSIOERED NUNER] -
360, C CALLY EQUAL.
361. C THE ABSOLUTVE VALUE AND WNE SIGN OF ISTOP MAVE TNE
3162 € FOLLOVWING MEANING.
363, £ THE ABSOLUTE VALUE INDICATES WNICH DIEFERENCE
164, C CRITERDON WAS SAVISFIED
165 4 1 RELATIVE DIFFERENCE CRITERION SATJISFIED
366. C 2 ABSOLUTE DIFFERENCE CRIVER JON SANESFIED
367« C 3 BOIH CRIMERIA SATISFIED
360, 4 THE SI6N OF ISTOP INDICATES THE RELATIONSMIP BETY EEN
369, 4 THE END~OF~TRIAL VALUE FPFNIN AND TMNE CURRENT
370, C BESY MINIMUN VARLUE FOPT (WHICH IS UPDATED WMWEN -
371. C EVER A FUNLCTION VALUE IS CORPUNED
372. C 1STO0P.6T.0
371, (4 FPFERIN 1S NUMERICALLY EQUAL (W.B.T, AT LEASY
374, £ OME OF (TME ABOVE DIFFERENCE CRIZERIAY TO FOFY
375. C I1STOP.LTL0
376. C FPFNIN NS NOT EVEN NURERIC ALY EQUAL F0 FfOP 1
377. C (AND THEREFORE CANNOT BE CONSIDERED AS AN
378. £ ALCEPYABUE GLOBAL MININUM),
379. [4 1STOPY 15 THE VALUE OF THE TRIAL SIOPPING INDICATOR JISTOP
380. C CORRESPONDING TO THE XCURRENT DR PASTY) TRIAL WMNERE FIFOP1
3581. C WAS OBTVTAINED, WITH THE SIGN WHECH IS UP.DATED ACCORRING TO
382. c THE COMPARISON BETWEEN FTFOPT ANO THE PRESENT VALUE OF
38%, 4 FOPT , AS DESCRIBED ABOVE.
384, [ 4 THE FINAL VALUE OF JSTOP 1S RETURNED BY SIGMR AS THE V ALUE
385. C OF THE OUTPUT INDICATOR JOUT OF THE ALGORITHR STOPPING CO K~
386. 4 DITIONS (WMENEVER THE ALGORITHM WAS STARTED, J0UT.NE.-PY,
387. C SEE ABOVE),
388. [ 4
<

THE SUBROUTINE PINSUCL
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390.
391,
392.
193.
194 .
3oS.
396 .
397.
392,
399.
400.
401.
402«
403,
404.
40S.
4Ch.
407,
408,
409,
‘10o
411.
412.
413,
[ 3 T I8
415.
416,
‘,7.
418,
419,
420.
421,
422.
42%.
424,
42%5.
426
427.
428.
429.
430,
431,
432
433,
434
&35,
436
437.
438,
439,
440,
441,
442,
443,
L44,
445,
446,
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PTKSUC 15 CALLED QNLY AT THE END OF EVERY SUCCESEFUL TRIAL
SUCH THAT AN INCREMENT OCCURRED IN THE WALUE KSUC 0OF TyE
MAXTMUR NUMBER OF SUCCESSFUL TRIALS AT THE SAME (CURRENT OR
PAST) VALUE OF FORY . A CALL TO PAXSUC AHEREFDRE PROVIDE ¢
THE USER WITH THE QGPERANIONALLY IMTERESTING INFORNAYION THAY
A FINAL SUCCESS CLAIM WOULD HAVE TAKEN PLACE, If NSWC (INPLT
PARANETER 7O SIGMA ) HAD BEEN GIVEN A LOWER VARME, EQUAL TO
THE CUARENT KsyC o
PTRSUC IS CALLED ONLY IF IPRINT.GE.0 ANS KSUC.LY.NSUS .
THE CEFINITION STABMERT 1S

SUBROUJINE RTRSUC ( KSUC )
WHERE KSUC IS THE INTEGER VARIABLE (1 .LE. KSUL .LEa NSUC)
DEFINED ABOVE.

DOUBLE PRECISION X0, M,gPS ,DX,TOLREL,TOLABS
DOUBLE PRECISION XRMIN JXRMAX XWINg FMIN
DOUBLE PRECISION EPSAG EPSAP,EPSC

BOUBLE PRECISION EBSMAN,ERSR,F FOPT,FTENAX
DOUBLE PRECISION FIFMIN,FTFOPT

SOUBLE PRECISION X HE PXC  ,VMVT ,EPS L0 ,VRCOR ,VCOR
DOUBLE PRECISION XRMIC (XRNAC . XOPT,FOPTC

DOUBLE PRECISION DISTL6IAS,6RAGRA,GRA

DIMENSION XOCN) gXMIN(N) G XRMINAN) ¢ XRMAX (N)

CORPON /JOINCOM/ X(T100,20),HC€20) 400CE20) ,VRVT(20,29),ERSCOC20),
\J VM COR(20) 4VCOR €20) (XRNIC (100D ARNACCI0 QY XOPTIL100) FOPTC ,
2 JEC20) JISVT(20V/19) JKGENKTIMoNDIMSNTRAJC NTRAG R,

3 1SEGBC L INKPBL JXPBROCJNCFLIFEPC L INHPC

COMMON /SCALE/ DIS3(30,10,20),B1AS(10,20), 6RAGRA410,108420),
1 GRALTID:20) ¢ NGRAC2D) oLSCALIDSCTA JNX,\NORD

OATA FOR THE VARIATION OF NOISE COEFFICIENT

DATA EPSR/I1D6/ JEPSAPZ10.D0/EPSAG/T1.D3/
DATA EASHAXZ1,015/

1F¢P = 1
INITIALIZE COMMON AREA /JDINCOM/

CALL INIT (N XDsHoERS oD XS IRANDeFo
1 NTRAS JISEGBR INKPBR oKPBRO o INHP 41 FEP S XRALIN JX&MA X, JOUT)

CHECK PARAMETVER VALVES
IF(NPRINCLEOcOReNPRANO el TeO0eORINPRAX LE,0.OR,
1 NSUC-lE.0.0II.N.IRIM..LE-O)!OUV s -99
1F (IOUT EQ. (~99))AETURN

INJTIALIZE yARIABLES

EPSC = ERS

it el Sudk Rl 1 e el Bl el Td” Sl Y TN SV S B S T B o S ]
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447,
4438,
449.
450.
451,
452.
453,
‘s‘.
455,
456,
457,
‘58.
459,
L Y-
461,
662,
463
464,
46S.
466 .
467.
468,
‘69.
4?70,
‘71.
472
473,
‘7‘.
‘75.
476.
477.
478.
479.
480.
481.
L82.
483.
484,
48S5.
4B6.
487,
488.
489.
499,
‘91.
£92.
493,
hob
495,
496,
497,
498,
499,
500.
501.
502.
503.
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NPMAX = NPMAXD

ISTOPT = O

ISTOP =

ICCON = (NTRIALONTRIALY)/S
NFEV = 0

NTES = NSUC

1CTS = NSUC-1

FTFOPY = F

START SERIES OF TRIALS
b0 30 IC = 1,NTRIAL
SET INITIALIZATION INDEX FOR NOISE GENERAJOR

Is = 0
1FCIRAND.G6T.0)018 = 1RAND#IC -1

INITIALIZE YRIAL

TFCICa6TaTaANDICag EoTCCOM) CALL REINITONGXOD JEPE 1S ,Fo1FEF)
TFCIC.GTICCOMICALL REINIT N, XMIN EPSC, 2s, FORPYLLFEP)

FIFRIN = F
FIFRAX = F
NEEV = NFEVeT
PRINT INITIAL CONDITIGONS OF TRIAL

TELIPRINT J6T o0)CALL PISEGIN XD, FYFMIN,F TEMAX 04 NFEY)

DEACTIYATYE SCALING
TECKPASCAGET e PAAX cORNoLEST) CALL NOSCA
INITIALLIZE COMMQON AREA /SCALE/
TE(XKPASCACLE NPRAN ANDNeET < 1ICALL INISCAIN,NTRAJD
PERFORP A JRIAL
CALL TRIALUN NPRINoNPHMAX oKPASCA'TOLRELy TOLABS,

IPRINT XRMINGFYSNIN,
1 FIFMAX JNFEV KR, 1STOP)

-

EVALUATE pPAST TRIAL AND PREPARE NEXT TRIAL

SET YRIAL DURATION
TIFCISTOPLEQ.OINPHAX = MPRAXCINPMAX
SESET CURRENTY NUMBER WOF SUCCESSES FEQUIRED HE FORE BIOPPING

COMPUTE INDICAYOR OF TRIAL STOPPINL CONDITIONS
UPDATE BEST CURRENT VALUES OF SRIAL STOPPING INDICATOR AND




SCh .
SOS.
S06.
<Q7.
508.
5Q09.
510,
S11.
512.
Stt.,
<14,
$15.
S16 .
5170
518
$19.
520.
521
$22,
523 .
524
$2S.
526
527.
528,
529,
S30.
S3t.
532.
533,
S34.
535,
536
537,
$38.
5319.
540.
S&1e
5‘2.
S4%Va
544
S45.
Sebe
S‘7Q
S4R .
549,
$50.
551
552.
5513,
Ss‘.
555«
556
557.
558.
559.
S6n.,
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OF FUNCTION F(X) AT TRIAL STOP

TECCFTFRINGET.FTIFOPTLORLISTOP.EQa () AND ISTORINELOD)EQ YO 10
1P(ITOLCHCFTFOP T FREMIN,JOLREL,TOLABS) . EQ.0INTES = NSUC

FIFOPY = FYFMIN
1STOPT = 1STOP

10 CONTINUE
ISYOPT = IABS(ISVERT)
CALL RCLOPT(N ,XMIN, FOPT)
IFCITOLCHCFTFOPT 0BT ,TOLREL,TOLABS) «EQ 0)ISEQPT = -ISTOP 1
TFCITOLCHCFTFMINGEOPT ,TOLREL,TOLABS) . EQ .O)ISYOP = ~ISTOP

END-OF~-TRIAL PpRINT OUT

1FCIPRINY.6E.Q)

1 CALL PTRIAL € N, XOPT, FOPT,
2 FTERIN, ETEMAX  FYFOPT,
3 1SJ0Ps ISYOPY, NFEV, KPy, IPRINT )

UPDATE INIVIAL VALUE @F NOTSE COEFFICIENT FOR NEXT ORIAL

IF (Is10P.EQ.0)RPSC = EPSC/EPSR
T1FCISTOP.6T.0)ERSC = EPSCeEPSAG
TFCISTOP LToeO0oANDBC.LELICCOM)EPSC = EPSCoEPBAR
TFC(ISTOPL.LY.O0ANMDIC.ET.ICCOMIEPSCE = EPSC/EPSR

UPDATE OPERATING CONDITIONS FOR SELECTING (IN THE NEXT TRIAL)
THE STARTING VALUE OF THE NOISE COEFFICIENTY OFf THE NEW TRAJECTO BY
AFTER BRANCHING

IF (ISTOP.EQ.D)MFgP = 1
IF CISTOP NE O)DFEP = 2

UPDATE, PRINT, AND CHECK TJRIAL STYOPPING CONDI TIONS -

FFCISTOPa6Te0.ANDISTOPTGY OINTES = NTES-?
TE(NTES LE Qo ORISTOPT.LE . OoORCISTOPLLE cDeORMTVES.ET.ICTS ORe
1 1IPRINT LT .0) 60 TO 20
KSUC = NSUC-ICTS
CALL PIKSUC(KSUL)
1CTS = NTES-Y
20 CONTINUE
TF(MTES LE<QANDJISTORT.6T.0.AND.ISTORP. 6T0)E0 TO 40

CONSTRAIN NOISE COEFFICIgNT WITHAN BOUNDS
EPSC = DMINTC(EPIC ,EPSNHAX)
TFCEPSCLLELOLDO)EPSC = 1,00

20 CONTINUE
END OF SEKRIES OF TRIALS
AT CONTINyYE
INDICATOR OF sToPPING CONDITIONS

I0UY = Isti0pY
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1204,
1207.
1208,
1209.
1 1210,
1 1211,
1212,
121%.
1214,
1215
1216
1217.
1217,
1219,
1220.
1221,
1222
1223.
122‘.
1225
122¢ .
1227,
122%.
‘229-
1230,
123,
1232
123%°%,
1234,
$12355.
1228,
1237,
123-.
1 1239.
1240,
1241,
1262,
1243,
1244,
245,
124606,
1247.
1248 .
1249,
IPAYAR
1251,
1 1252.
1 1251,
1254,
125S%.
1256,
1257,
125R,

~

-~

Ty TI Ty gy § TR R T
T A TR RN .

CALL DERCEN(NOIM XyFV DX yMyDFOK)

TRy AGAIN YHE FIRST HALF-STEP
DO 40 1€ = 1,NDINM

XPCIC) = X(1C)-NosWw(ILISOFOXDBLE(FLOAT(NDIM)®

40 CONTVINUE
F = FUNCTC(NOIM XP)
EVS = FVeDX4DABS(DEDXV-DFDX)

UPDATE STEPLENETH H AND ACCEPY OR REJECT THE MALF-STEP

CALL NEMRUKTIM,FVS,F oM, IE,1EC)

UPDATE CUMULATED PAST SCALING DATA
IFUTECGE 1) CALL CUMSCACNDIM,W DFOX)
1F€1kC.6E.3)60 TD 10
DX = OXekDX

FIRST HALF~g3Ep ACCEPTED
SO CONTINUE

UPDATE CUMULATED PAST SCALING OATA
CALL CUMSCA(NDINM W' 0FDX)
IS = FVeDXeDABS (DFOX)
TFCITOLCHOFS oFV S TOLRL oTJOLABS) EQR,0)DX & DX /RCD
IFCITOLCMOFS o FY o TOLRALIOLABS)GT.D)DX = DX sRCO
EPSR = DSART (M) SEPS

TAKFE A SAMPLE INCREMENT OF THE WIENER PROCESS
CALL GAUSRV(NDIM,uw)

TRY THE SECOND HALF ~ST&P
00 60 IC = T,NDIM
XPCIC) = XPCIC)REPSRAWCIC)
&r CONTINUE
F * FUNCTDINDIM,XP)

ACCEPT OR REJECT THE COMPLETE STeEP
IF (F-FV.LE.EPS*ERS*SDPF) 6Q TO 70
H = HoHR
1€ = JEe
1F (H.GT.HMINS) 60 TO 20

STEP ACCEPIED
70 CONTINUE
co0 80 1¢C
x€(1¢)
80 CONTINUE
ox OMINTC(OX,DXNAX)
ox DMART (DX 4D XNIN)

1,N01N
XPCIC)

[ T]

nu

RETURN
END

R

P

P

[ RPEAS | ¥ PR




L Aag i el Meh et Al i Sl g

1149,
1150,
1151,
1152,
115,
1154 .
1155,
1156
1157.
i1se,
1159.
"60.
1161,
1162.
1163.
1164,
1165,
11¢6.
‘,167.
1168,
’169.
1170.
1171,
1172.
‘173-
1174
1175,
117¢.
1177.
177,
1179.
1180.
11281,
1182.
1187,
1184,
118S.
1186,
1187.
1188,
1189,
1190.
1191,
1192.
1193,
11904,
1195,
1196,
1197.
1198,
1199,
120C.
1201.
1202.
1203.
1204.
1205
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CORPUTED

- CALLS THE SUBROUTINE DERFOR (OR DERCEN ) 10 COBMPUTE THE FORWARD-

(OR CENTRAL-) DBFFRUFENCES DIRECTIONAL DERIVATIVE GAM/)y
= CALLS THEt SUBROUTINF NEWH TO ACCEPT OR REVECTY THE FIRST HALF-
STEP AND OBTAIN AN UPDATED VALUE FOR H

= CALLS THL SUBROUTINE €UMSCA TO UPDANE THE CUMUDLATED SCALINE DATA

~ UPDATES THE SPAT1AL DISCRETIZATION INCRMENT DX BASED ON THE
RESULTS OF CALLING THE FUNCTION 1T0OLCH
= CALLS TVHg SUBROQUTINE GAUSRY TO PERFORM THE SELOND MALF-STE F.

DOUBLE PRECISION X HoEPS,DX,F

DOUBLE PRECISIDN DEDX,DFDXVOXMRAX,DXMIN
DOUBLE PRECISION EPSR,FS,FV,FVS, MM INS MR ,HS
0OUBLE PRECISION RCOADX ,STF,TOLABS, TOLRA4 JOLRI
pOUELE PRECISION W, XP

DOUBLE PRECISION FUNCYOD

DIMENSION X(NDIM)

DINENSION WCI0D) ,XR(100D)

DATA RDXZ21.0=4/

DATA DXMIN/1.0~-35/

DATA DXMAX/1.03/

DATA HR/1.D-%/

DATA HRINS/1.D-30/

DATA STFf /1300.00/

OATA RCD/2.00/

DATA TOLRI/1.D-5/

DATA TOLRA/YT.D-11/

DAYA YOLABS/(0.00/7

1€C = O

iV = F
10 CONTINUE
20 CONTINUE

TAKE A RANDOM DIRECTION FOR THE DIRECT IONAL DERIVATINE
CALL UNIIRV(NDIM, W)

COMPUTE FORWARD-DIFFERENCE DERIVATIVE
CALL DERFORINDIM yXFVoDXoMgDFDX)

TRY THE FIRST MHALF-STgh
00 30 1C = 1,NDINM
XPUIC) = XCIC)-Wowl1C)aDFOXDBLECFLOAT(NDIN))
3r CONTINUE
HS = H
F = FUNCTOUINDIR ,XP)
FYS = FV+DX*DAES(DEDX)

UPDATE STEPLENGTHN H AND ACCEPT OR REJECTY THE MALF-STEP
CALL NEWH(KTIM FVS, FoMWTELIEC)
1FLIEC.LELO)GO 1O 50
1€ = 1tE-1
1€C = JEC-1
H = NS
DFOXV = DFON

COMPUTE CENTRAL-DIFFERENCES DERIVATIVE

23
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1100 1 WM COR(20) 4V CORE20) yXRMINCTICO) ¢ XRMAX (D 0D o XOPTL10Q) ,FOPT,
1101. rd 1EC20) 41SVTI (20 419) (KGENJKTIM NDIMNTRAJNTRAJIR, i
1102. 3 ISEGuR sINKPBR yXPBROyNCF o LFEP LNHP =
1109, c
1104, KTIN = KTIMey .
‘10<o C N
1106. € LOOP ON THE SIMULTANEQUS TRAJECTORY SEGMENTS '
107, PO Y0 1D = 1 ,NTRAY
110e, C
1100, C INFORM THE SCALING SUBRROGRAMS (VIA THWE COMMON AREA /SCALEL)

LR A € THAT SCALING OPERATIONS ARE TO BE PERFORMED ON SEGMENTY 1D .

1 1111, CALL SEGSCACID)
1 1112, f = VCORC1D)
1 1M1, c
1 1174, C PERFORM A TIME-INTEGRATION STEP ON SEGMeNT D .,
] 1115. XA = KYIN
1 111¢. NX = NDIM
1 117, 0 10 IX = 1 ,NX
2 1118, X10CIX) = X(IX,LD)
2 1119, 10 CONTINUE
1 1120, HID = H(ID)
1 1121, EPSID = ERS(ID)
1 1122. oXI1D = OX(ID)
1 1,12, 1£D = IE(ID)
1 1124 4
1 1125, CALL SSTEP(KA NX XLD,HIDJEPSID,OX1ID1EI OyF)
1 1126. c
1 1127, 50 20 IX = 1,NX
2 1128, l(ll.lﬁ) = llb(ll)
2 1129, 20 CONTINUE
1 1130, HCID) = HID
1 1131, EPSCID) = EPSID
1 112, pXCID) = OXID
1 1133, IECID) = 1€E10
1 1134, VCORCED) = ¢
1 113s, VNCORCID) = OMINI(VMCORCID) of)
1 1136, IFCIK.EQ. 1DVMCORCID) & §
1 1137, TFC(KTIM EQHDIELID)> = D
1 1139, 3 CONTINUE .
1 1139, ¢
1140. RETURN
1141, END
L
L
1
1142. SUBROUTINE SSTEP(KTIMGNDIM X oH yEPS 4D X' 1E oF ) .
1147, c ’
1144, C THE BASIC TIME-INTEGRATION SIEP FOR A GIVEN TRAJECTORY IS PERFO HMED ;
1145, C BY THE SUBROUTINE STEP WHICH |
1146 C - CALLS TME FUNCTION FUNCYQ TO COMPUTE THE VALUE OF F {
1147, € - CALLS TME SUBROUTINE UNLITRV 10 COMPUTE YME RANDOM DIRECTION \
1148, C ALONG WHICH TME DIRECTIONAL DERIVALIVE GAR/N IS TO BE )
w
?
]
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1051,
1052.
1057.
1054,
'0550
1056,
1097,
105°%.,
31055,
1060,
1061,
1062,
1063,
10064,
106°%.
1nb6b.
1067.
106%,
1069.
1070.
1071,
1p072.
107~,
107‘.
107s.
107¢6.
1077,
1078,
1079,
10€0.
1081.
1082.
1083,
1084,
108¢.
108¢.
1087,
j1pee.

1089.
1090,
1091,
1092.
1092,
1094,
109s.
1096.
1097,
1099.
1099.

A o oW oY

4C
5¢C

60
e

8r

90

i10¢

11C
120

130
140

150
160

STEP

DO 40 10D = 1 ,NIRAy
TFCISVICUIDZ1T11) JEQaISVILIDDL,ITII)INCY = NCV*+Y
CONT INUE
CONTINUE
DO B0 17 = 2 NTRA R
1717 = 111
NCN = O
DO 70 10 = 1,kTRAJ
DO 60 IDL = 1 NTRA,
TFCISVTLIDGIT)EQeISNTCIDDLITIINCN = NCN*1
CONTINUE
CONTINUE
TFINCNLEQ.NCV)YEQ TO 110
NCV = NCON
CONT INUE
PO 90U 10 = 1 ,NTRAJ
TFCISYTCT 3 1) alNE o ISVTL10,1))60 YO 100
CONTINUE
17T = 2
G0 YO0 140
CONTINUE
CONTINUE
CONTINUE
1T = 1711
20 139 10 = 1 ,NTRAYy
YAVICID ,1T7) = DNINVIVANTUID IT) ,VMVT(1ID 271))
CONT INUE
CONTINUE
00 160 I7C = 1T NTRAJR
11m = 17C-1
80 150 16 = 1,NBRAJ
VRVT(ID,ITR) = VMVY(ID,1TC)
ISVT(ID,1TH) = YSVTLID,ITC)
CONTINUVUE
CONY INUE

RETURN
END

SUBROUTIKE STEP(IK)

bOUBLE PRECISION F

DOURLE PRECISION X H DX ¥AVY EPS ,VRCOR,V(COR
DOUEBLE PRECISION XAMINXRMAX ,XOPT, FOPY
POUBLE PRECISION X2D,RID,EPSID,DX1D
DIMENSION X2D0(900)

COmMMON JOINCOM/ XU,100:20)4M(20),0X(20) VRV T(20419) ,EPS (20),

21

PERFORMS A SINGLE TIME~INTEGRAY JION SYE¢P FOR EACH ONE OF Tt
SIMULTANEOUS TRAJFCTORIES BY REPEATEDLY CALLING THE SUBROUTINE SSTEP
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100%.
1004 .
10095.
1006.
10o7.
100,
1109,
1010,
1011,
1012,
101%,
1014,
101S.
‘0‘6.
1017,
1018,
1019,
1020.
1021
1022.
1027%.
1C24.
1025.

10286
1027.
102¢ .
1029.
1C30.
1031.
1032.
1033,
1034,
10350
1036,
1037.
1038.
1039,
1040.
1041,
1042,
104 %,
1044 .
1045 .
1046,
1re7.
104,
1049,
1050.

£
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INTEGER FUNCTION IPRECECID1,ID2)

IPRECE DEVERMINES THE PRECEODENCE RELAYION BE TYEEN n¥NO TRAJECTOSIES
BASED OMN THEIR CURRgNE VALUE OF €EPS

DOUBLE PRECISION X H DX, VMYTY,EPS,VMCOR,VCOR

DOUBLE PRECISION XRRINXRMAX ,XOPT, FOPY

COMMON /DINCOMZ X(100%20)0(20),0X(20),VMV T€20,39),EPS(20),
1 VACOR(20) ,VCORG2(0D 4 XRAINCTI(OO) ( XRAAXC(T00D,XOPT (V00 (FOPT,
2 JEC20) 4ISVTI (20 419) JKGENJKTIMNDINW,NTRA JoNTRAJR,

3 ISEGHR ¢INKPBR o XKPBROSNCF o IFEP 3 INHP

IPRECE = 0

IF(KGENGT .ISEGBR*INKPBR)IGO TO 10
IFCEPSUID2)LTLEPSCIDY)IDIPRECE = 1D

IFCEPSCIDR2).GT. EPS.(IDYIIIPRECE = 1D2

RETUARN

10 CONTINYE
1FCEPS (ID2)eLT EPSEIDTIVIPRECE = 102
IFCEPSCIr2) . 6T EPSCIDTIDIIPRECE = ID1

RETURN
END

SUBROUTINE COMPAS

COPPAS YVAKES CARE QF THE STORAGE OF PASY HISTORY BATA, DISCARD ING
ALL DATA NOT NEEDED BY TWME ONLY USER OF SUCH BATA, THE FUNCTION
1PREC

DOUBLE PRECISION N HoDXoVAVT ,EPS ,VRCOR,VCOR

DOUBLE PRECISION XRMIN XRNAX ,XOPT, FOPY

COmMON /DINCOM/ %X€100420) ,HL2I),0X(20) VRV T(20,199 ,EPS(20),
1 VM COR(20) 4VCORC20) ¢ XRNINCIQO)  XRMAXCT00d , XOPTC100) ,FOPT,
2 1EC€20) yISVT €205 79) oXGEN XY IMNDIRSNTRAJNTRAUR,

3 ISEGBR ¢INKPBRKPBRONVNCF ¢ 1FEP , INHP

17T = ¢
00 20 IT = 2,NTRAJR
1ITY = 17~-1
00 10 1D = 1, NTRAY
TFCISVICID I T)NELISVY(ID,1T1))60 TO 20
10 CONT INUE
60 Y0 120
20 CONTINUE
3cC CONTINUE
171 = 9%
NCY = 0
DO SG ID = 1 ,NTRAY
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9061,
982.
96%.
96t.,
965.
966,
967,
968 .
969.
o70.
971,
972.
97T,
974

97S.
976,
977.
978,
979.
98C.
98y,
982,
983,
984,
985 .
986,
987.
988.
989.
990.
991t.
99°.
993,
994,
99S.
99¢.
997.
998 .
996,
100C.
1001,
1002.

oo

2l alala

4C CONTINUE

5C CONTY INUE

60 CONTINUE
IF(IR.EQ.2)60 YO 30

RETURN THE INDICES OF W¥HE SEGRMENTYS WHICH IN THE ORDERING
OCCUPY THE FIRSY, YHE LAST, AND A SUITABLE MED IUM LEVEL POSITION

1P
1u
m

I0RDCY)
10RD (NTRAJ)
I0RD(1SEGHR)

houn

RETURN
END

INTEGER FUNCTION IRREC(ID1,102)

IPREC DETERMINES THE PRECEOENCE RELATION BEVWEEN TyuD TRAJECTORIES
BASED ON THE PASY HISTORY DATA

DOUBLE PRECISION VURT,¥N2

DOUBLE PRECISION X' H DX ,YMVT ,EPS ,VRCOR,VLOR

DOUBLE PRECISION XRMIN XRNAX JNOPY, FOPN

COMMON /ZDINCORM/ XC300020)4H(20),0X (209, VAV IL20,10% ,EPS(20),
1 YRCORC20) 4V CORC20) ,XRMINCIOD) o XRMAX(ID0) o XOPTC100) ,FOPT,
2 TEC20) ,ISVYC20:519) o KGEN KT IM NDIN NTRAJ,NTRAIR,
3 1SEGBR JINKPBR ,KPBRO NCF ,1FEP ,INNP

VMY = VRYTCIDI NTRAJR)
VM2 = YRYTC(ID2 ,NTRAJR)
8O 10 117 = 1,NTRAJR
1T = T4NTRAJIR-I1Y
IFCISVYCIDI, 1T) EGaISVT(2D2,17))60 TO 2C
VAT = DRMINTEVYRNY ,¥NVTE1D1,17)) )
VN2 = DMINICVM2 JVAVTI(1D2,1T7)) o
10 CONTINUE it
20 CONVINUE i
1IPREC = D
1F (VM2 LT, VH1IIPREL = 102
IF(YN2.6T.VR1)IPRES = 101

RE TURN
END

Py SO ANl RS
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919%.
914,
91S.
91¢é.
917,
9t8.
919,
920.
921,
922.
9¢3.
924,
92%.
926.
927.
92R,
929.
930.
951,
932.
937,
934,
935,
936.
937.
938,
939,
94C.
941,
942,
967,
944,
94%.
G466
947,
9‘8-
949,
95C.
951.
952.
953.
954,
955 .
95%48.
957,
958 .
9¢9,
960.
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END

SUBRQUTINE ORDER(IR,IM,TIU)

ORDER COMPARES THE TAASgCTORIES FROM YHE POINY Oy yiIEy OF pasY
HISTORY (Y CALLING THE FUNCTION IPREC ) AND FROM JIHE POINT OF ViEw
CF THEIR CURRENY VALUE OF EPS (BY CALLING THE FUNCYTION IPRECE)
AND PROVIDES ‘THE TRAJECTORY OKDERING NEEDED FOR SELELTING THE T A~
JECTORY whICH 1S TO BE BRANCHED.

DOUBLE PRECISICN XoH DXy VHVIJEPS,VACOR,VCOR
DOUBLE PRgCISION XRMIN XRMAX XOPT, FOPTY
COMMON /DINCOM/ X(100,20),d020),0X(2]) ,VAVT(20,39) ,EPS(20),
1 VACOR(20) ,vCOR 20D 4 XRNINCTIO0) , XRMAX(100) ,XOPTL100) ,FOPT,
2 1SEGBR INKPBRoKPERO ¢NCFo1FEP s INHP
DIMENSION JORD(20)
DAYA XP/Q/
Ik =0

ASSIGN INITIAL ORDERING

10 CONTINyE
00 20 1 = 1,NTRAY
IORD(1) = 1
anr CONTINUE

SORY TRAJECTORIES ...

30 CONTINUE
IR = 1R

20 60 1 = 1,NTRAJR
11 = 11
00 50 5 = I1,NTRAY
K1 T10RDCI)
[ ¥4 10R0(N)

eeae ACCORDING T0 PAST MISTORY <o

TFCIRCNEL2IKP = [PRECAKT, K2}
I1F(KPec Q. 0., AND . IR.EQ.1)60 TO 10

ese OR ACCORDING TO NOBSE LEVEL

IFCIR.EQ2)KP = IPRELGE(KT,K2)
1F(xP,£Q,0)60 YO 40

KM = K1eK2-KP

10R0(1) = kP

J10RD W) = kM
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855,
856,
857,
858,
859,
gen,
86y,
862.
862,
864,
86<.
LY 1. 18
867.
868,
869.
arn,
8721,
872.
873.
874,
B7S.
876.
8r7.
878.
879,
880.
881.
882.
g,
B84,
885
886,
887.
nae,
rg9,
a9r.
891,
892.
8913,
B94.,
89S.
896.
897,
89g,
£99,
900.
90t.
902,
903.
%0¢,
905.
%06,
9g7.
908,
909.
910.
911,

nerwwe

[l o N Y

ol ala] laBa N )

[l oW o

o~

S e T e e L e e

UPDATE PAST HISTORY DATA

00 10 10 = 1 NTRAJ
VAVIC(ID ,NTRAJR) = VRCOR(ID)
ISVICID,NYRAIR) = YD

10 CONTINUE

OBTAIN YRAJECYORY-SE ECTION ORDERING
CALL OKDER(Ip,1m,lu)
DECIDE yNILH YRAJECTQRY IS VO BE gRANCHED
1E(MODU(KEEN, INKPERDLEQ.XPBROI TN = 3p
PERFORM BRANCHING

DO 20 1C = T ,NCIp
Ne1C,1U) = XQIL,0M)

2n CONTINUE

HOCIUD = niIm)

1IECIUY = JE€im)

BO 20 IT = 1,NTRAJR
ISVICIULIT) = 1SVIIN,IT)
VAVIC(IULIT) = yNVTIC(IN,1T)

3 CONTINUE

EPSCIU) = EPSCIM)

BXCIUd = pX(IM)

VCOR(IU) = VLORCIN)

DO 40 ID = 1,NTRAJ
VACORCID) = VCOR(ID)

40 CONTINUE

UPDATE PAST~HISTORY=-DATA MATRICES
CALL COMPAS

UPDATE SCALING DATA
CALL MOySCACIy,1p)

UPDATE NOISE COEFFICIENY VAQUES

IF CEPSUIyY)eLE.DLDD) 60 TO SO

1FCIFEP JEQ.2)

1 ePS(IU) = EPSCRUISFACE o2 (LHAOS COI~EFAC)
1FCIFEP.EQ.Y)

1 EPSUIU) = FACGualOMINT(OLEPNX,

1 DLOGIC(EPS(IUIIC(LMADS(~1)~EFAC)*DLFACLY)
EPSCIU) = ORINTCEPSCIUD JEPSNAX)

SO COMTINUE

UPDATE MAGNITUDE VOF SMATIAL DISCRETIZATIDN INCREMENT

DNCIU) = BXCIU)IDEAC**CHAOS (D)
RETURN
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- 8J6 1 INTOSNGL (DLOG(QBLE (FLOAT(KGEN)DI*.5D0)/7DLOE(2.00)))+1

- f07. IFCINHP EQ 2INKGEN = INT(SNGL(DSQRTCDBLE (FLOAT(KGEN))*,500)))
8k, IFCINMP 4L O3 INKGEN = KGEN
I 209. €
g0, C PERFORM THME WEGWUIRED NUMBER oF INTEGRATION STEPS
ett1. € CFOR ALL TRAJECTORLES)
3 812. C
K RY1Z, 00 10 1K = 9 NKGEN
8“. C -
r1c, € PERFOAM A SINGLE INTEGRATION STEP
l B16. € (FOR ALL TRAJECTORIES)
‘ £17. <
- ) arr. CALL STEPCINR)
. 1 &19, 10 CONTINUE
- 1 20, ¢
1 R21. C MANAGE THf TRAJECTORY BRANCHING PROCESS
] 822. «
823. CALL BRASI
82¢. RETUAN
82¢<. END
82¢6. SUBROUTINE BRASI1
827. c
gae., C BKASYI PERFORMS THE SELECTYON PROCESS FOR THE TRAJECTORIES
829. € PRRASI =~ UPDATES THE DATA ABOUY THE PAST TRAJECTORIES
g3yn, c - ASKS FOR THE TRAJECTORY-SELECTION ORDERING BY CALLING WE
31, 4 SUBROUTINE ORDER
832, € - DISCARDS ONE OF THE TRAJECTORIES
83, C ~ PERFORMS BRANCHBNG ON ONE OF THE REMAINING TRAJECTORIE ¢
834, £ ~ MOVES THE OAIA OF THE UNPERTURBED CONTINUATION
835, C 10 YHE POSITION OF THE PERTURBED CONTINUATION
836. c ~ CALLS THE SUBROUTINE CORPAS 1O EXAMINE DATA ABOQUT PASY .
837, ¢ HISTORY OF THE TRAJECTORIES AND D ISCARD IRRILEVANY QAYA
R3g, c
39, DOUBLE PRECISION DBAC,DLEPMX,DLFACL
R840, DOUBLE PRECISION EEAC,EPSNAX,FACG
B41. POURLE PRECISION CHAOS
842, DOUBLE PRECISION X,H,BX,VMVT,EPS,VNCOR ,VCDR
s, DOURLE PRECTISION XRMIM XRMAX ,XOPT,§OPY
844, COMMON /DINCOM/ X(300¢207 4 (20),0X (203 VAV TL20,19) ,EPS(20),
245, 1 VRCOR(20) W CORC2OL XRMINCIQOOD JARMANCIOD) ¢ XOPYC(I00) ,FOPT,
. 84¢t. ? TIEC20) JISVT(20019) KEEN KT IMgNOTMoNTRAJGNTRAJIR,
. 347, 3 ISEGBR JINKPBR , KPBRO,NCF oI FEP ,INHP S
. 248, [ -..j"
g 849, DATA FACE/1N.00/ T
& RS0, DATA EFAC/.500/ o
[- 259, DATA OFAC/1.03/ ®
asD, DATA EPSMAX/1.D157 —_—
asv, DATA OLFACL /0.301029995663981190400/ S
856, DATA DLEPMX 725400/ L
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1 757, €
75°, CALL PERIOD
759. ¢
760. C EXTRACTY AMD RESCALE SOmE FJNAL VALUES
761. [
762, M o= yCOR(D)
763, FMAX = VCORC1)
764, 16 = 1
765, 00 20 19 = 2 ,NIRA)
1 766 . FMAX = DMAXT(ERAX VCOR(1ID))
1 767, 1F(VCOR(ID).6E.BMIE0 ¥O 20
1 768, FM = VCORCID)
1 769. IEN = 1D
1 770. 20 CONT INUE
1 7. 30 CONTINUE
772. 00 40 IC = Y NODIM
1 773, XWINCIC) = NCIC' IFM)
1 774. 40 CONTINUE
77%. fMIN = N
776. NCEF = NCF
777. CALL SEGSCACIFN)
778 . CALL VARSCA(NX ,XRIN)
779. ¢
780, RETURN
781. END
782. SUBROUTINE PERIOD
78T,
784 . C PERIOD IS CALLED BY SUBROUTINE GENEVA TO PERFORM THE GENERAT 10N
785, € OF THE TRAJECTORY SEGMENTS,
786, C PERIOD -~ COMPUTES TWE OURATION OF THE OBSERVANION PERIOD, J.E. THE
787« [ 4 NUMBER NNP 0¢ ACCEPTED INTEGRATION STEPS IN A PERIOD
788 . C = COMPUTES ALL THg SEGMENT STEPS BY REPEATEDLY CALRING THE
789. € SUBROUTING STEP
797, ¢ ~ PERFORMS THE SEEMENT SELECTION BY CALLING THE SUBROYUY INE
791, BRAS]
792. C
792, DOUBLE PRECISION X M ,BDXaVRVT FPS ,yNCOR,vVCDR J
794. DOUBLE PRECISION XRMIN JXRMAX ,XOPT,FOPY R
795. COMMON /DINCOM/ KC100+200 4420, 0X(20) VAV T(20, 193 ,EPS (20D, d
796. 1 VYRCOKC20) VCORL20Y o XRMINCI 00D s XRRAX €10 0) ¢ XOPIL 100) ,FOPT, !
797. 2 lEl?D).IS\H(20.19).KGEN.KYIH.NDIH.NTIAJ.I"IAJR. ‘
L 798. 3 ISEGBR ,INKPBR KPBRO NCFJIFEP JINHP R
h 799, ¢ N
L B0D. C DETERMINE DURATION OF OBSERVATION PERIOD N
- 801. C (NUMBER OF TIME INTEGRATION STEPSH j
F; 802. .
) 803. KGEN = KGEN®1 ]
. 804, NKGEN = 1 -

o 8o0s. 1F (INHP .EQ.1INKGEN®

POEY
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70%,
709,
710,
7Y,
712,
713
A TS
1A RN
716.
797.
718.
719,
720,
721,
22,
723.
724,
72S.

o adad b ad b b bt wd b mb b

726,
727.
728,
729.
73n.
731,
732,
732,
734,
735.
736,
737.
738.
719,
740,
7‘1-
T42.
Tev,
744,
745 .
746.
747.
748,
749,
750,
751.
752,
757,
754,
75%.
756.

-t s @b ol ma

Py

- Lo *

e
CR
.

PRINT RESyLys OF OBSERNATION PER]Op

™o~

TECIPRINYET.0ICALL PTSEG(MXMINGFMINGFMAX o IR (N FEV)

CHECK TRIAL sy0ppING ConDIEIONS

[ o}

TECIR.LT.NPRINIGO TO 10
ISTOP = LIOLCHCFMAX FNIN,TOLREL ,TOLABS)
1FC1STOP.NE.Q)GO VO 13

1 CONTINUE

20 CONTINUE

N CONTINUE
CALL NOSCA

RETURN
END

SUBROUT INE GENEVAINX XNINGFAIN FRAXSNCEF)

GENEVA PERFORMS THE GENERATION AND YHE FINAL PROCESS ING AND
EVALUATION OF THE SET OF TRAJECTORY SEGMENTS CORRESPONDING YO
THE CURRENT OBSERVAVION PERIOD.
GENEVA UPDATES THE SCALING ARRAYS DIST AND BIAS BY CALLING
THE SUBROUTINES SEGSCA AND UPDS CA
GENERATES THE TRAJECTORY SEGMENTS BY CALLIRME THE sue-
ROUTINE PERIOD
DEVERMINES SONE END-OF~SEGMENT RESULTS (FPENIN, FPERAX,
KPFMIN)  USINGE THE RESCALING CAPABILITIES OF THE $SU® -
ROUTINES SEGSCA AND VARSCAw

L N N W o I W W W T PN

OOUBLE PRECISION XMINFMIN,FMAX

DOUBLE PRECISION FA

DOUBLE PRECISION X, H,0X,¥RVT,EPS ,VMCOR,VCOR

DOUBLE PRECISION XRBMIN XRMAX XOPT, FOPY

CORMON /pINCOM/ N€300420),H420),0X(20) 4¥NV 1€20619) ,ERPS(20),
1 VMCOR(Z0J4VCORC20> s XRMINCTIO00) ¢ XRMAX( 10 (D s XOPTL100) FOPT,
2 1€020) 1SVI (20 19) 4 KGEN KT 1N yNDIMYNTRA JSNTRAJR ,
3 ISEGOGR yINKPBRoKPBROJNCF o IFEP 3 INHP

DIMENSION XMIN(NX)

[ o]

UPDATE SCALING DATA

b0 10 10 = 1 ,NTRAJ
CALL SE6SCAC(1D)
CALL UPDSCA(NX,X(1,1D))
10 CONTINUE
C
C GENERATE THE SIMULTANEQUS TRAJECTORY SEGRENTS
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659. lGEN = 0
660, xTIm = 0
661, 00 30 ID = 9 ,NIRAY
] 662, 0 10 3C = 1, ,NDIM
2 643, X€1C,1D) = XGCIC)
2 664, 1 CONTINUE
1 665, 1ECID) =
] 666, DO 20 1T = 1,NTRAJR
2 667, ISVIUID,,1T) # 1
2 668 ¥AVTUID,IT) = f
| 2 669. enr CONTY INUE
‘ 1 £70. EPSCID) = EPSOEPSVa» (ISEGBR-ID)
. 1 671. VMCORCID) = ¢
EN 1 672, VCOR(ID) = F
o 1 677, i CONTINUE
o 674, RETURN
o 675 END
»a
676. SUBROUTINE TRIAL (M NPMIN NPMAX KPASCA, !i
677, 1 TOLREL o TOLABS ¢ APRENT S XNIN, FRIN, i
678, 2 FMAX NFEVNR,ISTOR) -
679. C N
680, € THE SUBROUTINE TRIAL GENFRATES A TRIAL, J.E. A SET OF COMPLET ¢ s
681. € SIMULTAMEOUS MRAJECTORIES BY REPEATEDLY PERFORMING K
682. C A CALL TO THE SUBROUTINE GENEVA WHICH GENERATES THE SET OF )
68, 4 SIMULTANEOUS TRAJECTORY SEGMENTS CORRESPONODING TO THE CURRENT .i
684, c OUSERVATION PERIOD, AND PERFORMS THE TRAUECTORY SELECTION
685, c A (POSSIBLE) CALL 3O THE SUBROUTINE PTSEE WHICH PERFORARS -
686. C END-0F=SEGMENT OUTPUT .
687, 3 A CHECK OF THE TRIAL SZOPPING CRINERIA (WITW THE AlD OF TME N
3118 o FUNCTION JITYOLCH .
685, C A DECISION ABOUY AOTIVATING OR DEACTIVATING THE SCALING OF
690. 4 THE VARIABLES (ACTYIONS PERFORMED BY CALLING INE SUBROUTIN S
691, 4 ACTSCA AND NOSCA),
692. c
e 697, COUBLE PRECISION TOLRELTOLABS ¢XMINg FNINoF MAX
. 694 . DIMENSION XMIN(N)
.- 695, DATA IRNF 7y Ny
o 69¢. C -
" 697. 00 20 IR = 1 ,NPMAX =
' 698. (
9 699. C ACTIVAYE SCALING !
= 700. 4 D
h.'-i ] 701. li(IR.GE.KPAS(A.AND-1R.QV-N'IINI)CALL ACYISCA :.
& 1 ?02. NR = IR -
"'-: 1 703, C ~
P 1 704, € GENERAYE AND EVALUATE THE STMULTANEOUS TRAJECTORY SEGMENTS >
o 1 705. € PERIOD P
] 1 706. 4 =
b 1 767. CALL GENEVAUNXNINoFRMINGFRAXGNFEV) .
b R
= -
b-- . "
b= o
b~ A
~ o
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. 610, IFUISEGBREQ.OIISEGBR = (1eNTRASD/2
Ny 611, ISEGBR = WINO(ISEGBR NYRAJ)
S 612, 1SE6BR = MAXQ(ISEEBR,1)
ik 61%. N2 = ISEGHR
m 618, INKPBR = N3
e 61S. 1FCINKPBR.EQ.O)INKRBR = INKPBO
A 616, NS = [KKPBR
o 617. KPBRO = N4
. 618, 1F(KPBRO.EQ.0)KPBRO = xPBROD
RERE 619, KPBRO = mOD(KPBRU,INKPBR)
s20. N& = KPBK(Q
621, NDIM = NX
622 NTRAJR = NIRAJ-1
623, NCF = 1
624 F = FUNCTINX,X0)
62%. CALL STOOPT(NX,X(,5)
626 80 20 1D = 1,NTRAJ
1 627. HEID) = MO
1 628. px(10) = pX0
1 629, 20 CONTINUE
1 630. <
1 63%. € INITIALIZE REMAINING VAR]JABLES
63%., CALL REINITVINX XO,EPSO,IRAND.F +IFE)
634, 4
635 RETURN
636 END
637. SUBROUTINE REINIY(MN XOoEPSO,IRAND 4F ,1FE)
638, 4
639. L REINIT PERFORMS THE INITJALIZATION OF ALL TR JALS FOLLOWING THE
640, € FIRST TRIAL, AND PART OF THE INITIALIZATION OF THE FIRST TRIAL.
641, c
642, DOUBLE PRECISION XQO,EPSO,F
Y LI DOUBLE PRECISION ERSV,6
64k DOURBLE PRECISICN CHAOS
645 DOUBLE PRECISION X H DX VAVT,EPS VNCOR VCOR
646, DOURLE PRECISION XRMINJKRMAX ,XOPT, FOPTY
647, COMMON /DINCOM/ XC1C0420) oHC20) 40X C20) ,¥NVT(20,19% EPS(20),
648 1 VRCOR(ZO) JVEORK2C) JARMINCIGO) o XRMUAXC100) , X0PTC(100) ,FOPY,
649. 2 TEC20) JISVT 20 ¢19) o KGENSKTIM NOTMeNTRAIINTRASR,
650 1 ISEGBR JINKPBR APBROGWNCE JIFEP JJNUHP
651 DIMENS 10N XD (NX)
€52 OATA EPSV/1.D0/
657%. C
654, € INITIALIZE RANDOM NOISE GENERATOR
655, C
656 6 = CHAOSC(IRAND)
657, C
S 658, 1FEP = 1FE

.
Pt e e X
e

PN AR
L LI T |
O]
St e e e .
et tl

L NN

wh G

ot i’

Bt
.
-

A PP L e
PR Y 0. L WL P I E AP

.
B
. .




LA i Rl T T T e T T s T T T ST T O T I TRT R T TV TRV R TR R EL VL FAELELELELEAT LR A YA e

S61. §MIN = FOPT
562. C
S6%. RETURN
564, 4
$6%. END
S66e SUBROUTINE INIVINXGXO,HO ,EPSO,0X0, IRAND, Fo N8 oN2 N3 (N4
567« 1 s INHo 1 FE XRI oXRA 17 .
569, € INIT PERFORMS THE INDYIALIZAYION Of YHE FIRST TRIAL,
$70. C THE PARY OF THE INITIALIZATION WHICH IS COMMON ALSO YO THE TRIALS
<71 L FOLLOWING VHE FIRSY OME LS PERFORMED BY CALLING THE SUBROUTINE
$72. € REIN1T.
573, 4
574 DOUBLE PRECISIoN RDyyO EPSOepXDuFeXRI1oXRA
$75. POUBLE PRgCISION BUNCT
576. DOUELE PRECISION X H,0X VAVI EPS,VMCOR,VCOR
577 DOUBLE PRECISION XBMIN ,XRRAX ,XOPT, FOPY |
578. COMMON /DINCORZ XN(100,20),0(20),0X(20) VRV T(20,19) ,EPS(20),
S79. 1 VRCOR(20) yVCOR(20) JXRMNINETI00) o XRRAXC IO 0D, XOPEC100) (FOPT, .
580. 2 JEC20) 41SVT(20',19) JKGENGKTIM NDIM NTRAJ,NTRAJR ,
S81. 3 1SEGBR INKPBRoUPBROJNCF 15 EP ,INHP
582. DIMENS JON XO(NX) JXRIANX) JXRA(NX) |
583, DATA NRMAX/100/
584. DATA NTRAJRZ20/ |
585, DATA NTRAJOIZ/
586. DATA INKPBD/10/
587 DATA KPBROO/3/ ,
S88. €
589. € CHECK PARAMETER VALUES :
590. ( 1
59%. 1T = 0
592 IF (NXoGT oNPHAX cOR NX LT cT1oaOReHDLEoDaDDeD ReEPSOaL E0.DD
593. 1 .OR.DIO.LE.U.DO) 17T = «99
S 594 . 1F (IT.EQa(=99)) RETURN
s 596. € INITIALIZE SOME VARIABLES
597. €
o 598, INHP = INM
. 599, DO 10 IX = 1,NX
9. 1 600- XRRINCIX) = XRICIN)
by, 1 601, ARMANCIX) = XRALIXD
; . 1 602. 10 CONTINUE
S 603. CALL NOSCA
b, 604, NTRAJ = NI
P, 605. IF(NTRAJ.EQ.QINTRAY = NTRAJO
f..” 606. NTRAJ = MIND(NTRAJ,NTRAUM)
[ ] 607. NTRAJ = NAXO(NTRAJ,3)
;;' 608. NY = NTRAJ
o 609. 1SEGBR = N2
.
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1259, SUBROUTINE NEWHEK o FV  F gH,1E,T1EC) .
1260. C
1261. € NEWH IS CALLED BY Tng SUBROUTINE SSTFP TO DECIDE WHETHNER YO ACCEPY o
I 1262. C OR REJECY THE FIRST HALF-STEP, AND YO PROVIDE AN UPDPATED VALUE FOR M .
- 1263. ¢ -
.o 1264 DOUBLE PRECISION FV,F,H -
3 1265. DOUBLE PRECISION FAFRHMAX ,HRIN,R P
1266. DIMENSION FR(3) 46A (&) .
1268, OATA FA/1.00,13.1002.00U,13.007 A
1269. DATA HMIN/3.D-30/ -
1270. DATA HMAX/1.025/ :
1271. DATA JECHAXSSO/ )
127>. 4 .
1273, JFCSV.LT_F)XGO0 TO 20 -
12740 ¢ -
127S. C STEP ACCEPTED, pOSSIBLY INCREASE THE STEPLENGTH M P
1276, C -
1277, R = FA(Y) -
3278, JFC1E*2.LT XDR = FA(2) -
1270. IF(IE‘S-LT.K)R = "(3) N
9280« lf(XE.E0.0.AND.K.Gluj)R = FA(L) \-'
1281, % = HeR :‘_
1282. 1C CONTINUE ]
1283, 1EC = § R
1284. 60 70 3g
1285. C
1286 . 20 CONTINUE .
1287. 1€ = 1E+3
1288, 16C = 1EC*1
1289. IFC(IEC.GTLIECMAXNIED TO 10 -
1290. C o
1291. € STEP REJECTED, DECREASE n g
1292. 3 =
1293, 1C = MINQ(3,1EC) c
1294. R = FRLIC) -
129%. H = H/K -
1296, 3F  CONVINUE N
1297. H o= DMINI(H , HMAX) q
1292, H = DMAXI(HyNMIN) =
- 1299. 4 *-
- 1300. RE TUKN N
= 1301, END f
4 ;
y .
= 1302, SUBROUTINE DERFOR(ADIN X ,F DX oWy DFODX) R
a 1303. ¢ . -
*| 1304. € DERFOR COMPUTED THE FORWARD FINITE-DIFFERNCES DIRECTIONAL ;
- 1305. € DERIVAYIVES (CALLING FUNLAD )
. 130¢. C
-
. 25
F‘ !
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N
=l 1307, DOUBLE PRECISION X oF yDX oW ,DFOX
ot 13CR, DOUBLE PRECISION OXF . ,DXFF,DRNANLFN,S XX
N 109, DOUBLE PRECISION FUNCTQ
1310. DIMENSION X(NOIM),W(NODIN)
- 1311, DIMENSION XX (900)
e 1312, DATA DXFF/1.06/,0XB/7,017
S 1313, DATA DXMAX/1.06¢
S 1314, [ :
R 1315, 10 CONTINUE -
R 1316, 20 CONTINUE
1317, S = L.00
— 1318, 00 I0 IC = 9 ,NDIM
s 1 1319, XX(IC) = XCIC)owl(IC)eDX
o 1 1320, S = SHLUX(ICI=NCICIInep
v 1 1321, 30 CONTINUE
RIS 1322. IF(S.GT.3,.00)60 TO 40
S 1323, DX = DX*DKFF
o 1324, 60 10 20 {
- 1325. 40 CONTINUE
N 1324, EN = FUNCTQ(NDIM XX)
N 1327, DFOX = (FN-F)/DX
1128. IFCDXNGTDXMAXIRETURN
o 1329, 1F(DABS(DFDX).6T.1.D0)REVURN
o 133nr, IF(DFDX*32.6T1.(G4D0BIGO0 TO SO
2 1131, X = DXeDXF
E‘“’ 1332, 60 10 10
“ 133%., St CONTINUE
= 1334, C
- 133S. RETURN
SE 12364, END
1137, SUBRQUTINE DERCENCRDIM X ,F oDXyW,DF DX)
1338, 4
1339, C DERFOR COMPUTED THE GENTRAL FINSTE-DIFFERNCES DAIRELTIONAL
1340, C DERIVATIVES (CALLING FUNCTO )
1341, <
1342, OOUBLE PRECISION X F,0X,W,DEDX
1347, DAUBLE PRECISION FN,FR,XX
1564, BOUBLE PRECISION FUNCT( f
1345, DEMENSION X(NOIM),W(NDIW)
1146, DIMENS ION XX (100)
1147, C j
1340, 00 10 IC = 1 NOIN
1 1249, ANCIC) = X(ICI-wWCICInOX
1 13150, 10 CONTINUE
1351, FR = FUNCTOUNDIM,XX)
1352 EN = FODFDXeDX
1353, DFOX = C(EN=-FR)/(2,00%0X)
- 1754, s
s 115%, RETURN
..‘ 26 .
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) 1356, END
oo 13157, SUBROUTINE RCLOPT(N,XO4FQ)
Bz 1358, c
HI 1359, € RCLOPT RgCALLS THE CURRENY BEST MINIMUM VALUE FOPT FOUND SO FAR
o 1340. C FROM ALGORITHM START, AND YHE POINT XOPT (O& POSHEIBLY ONE OF WME
L 1361, C POINTS) WHERE FOPY MAS OBTAINED
e 1362. q
S 16T, DOUBLE PRECISION Xp,§0
N 1364, DOUELE PHECISION X 4H DX 4VRVY ,EPS ¥ MCOR qyCOR
. 1365. DOUBLE PRECISION XKRMINXRMAX ,XOPT, FOPY
1266, COMMON /DINCON/ X(300020),0€20),BX(20) ,VAVTIL20,19) ,EPSL20),
- 1367, 1 V#COR(20) 4VCORC2G) oXRMINCION) ¢ XRMAXCI100) , XOPTCI00) L,FOPT,
- 1367, 2 1€ €200 JISVI(20 19D o KGEN KT IMoNDTMyhTRAJNTRALR ,
1369, 3 1SEGBR J2INKPBR KPERO, NCF g1F £P 4 1NHP
1370, PIMENSION XO (N)
1371, C
,372. po 10 ] = 1."
1 1373, X0¢1) = XOPT(])
1 1374, 1C CONTINUE
1375, FO = FOPT
137¢. c
1377, RETURN
1378, END
1379. SUBROUTINE STOOPTIN,XD,FQ)
189, C
1381, C STCOPT STORES THE CURRENT BEST MINIMUM VALUE FOPE  FOUND SO F IR
1382, € FROM ALGORITHM START, AND THE POINT XOPT (OR POSSDBLY DNE DF W :
1%eT. € POINTS) WUMERE FOPT MAS OBTAINED .
1384, C Ty
136%., DOUBLE PRECISION XO,FO s
1386, OOUBLE PRECISION X H DX VMVTY EPS ,VMCOR,VCOR Y
1187, OOUBLE PRECISION XRMINXRRAX ,XOPT, FOPT b
r 1388. COMMON /OINCOM/ X(100520),H(20),0X(20) VMV T(20,19) ,EPS(20D), T
- 1389, 1 VM COR(20) ,VCOR(20) ,XRMINCT100) , XRAAX(1D (D ,XOPTC100) ,FOPT, S
= 139C. 2 JEC20) q1SVTE20499) JXGEN KT IMNDIN NTRAJINTRAJIR, o
. 1791, ¥ I1SEGBR JINKPBR o KPBROGNCF o IFEP o INNP -
. 1392, DIMENS JION X0 (N) -
- 1193, < —
'| 1194, DO 1G 1 = 1,N B |
5 1 139S. XOPTI(1) = X0(1) !
¢ ) 1396, 10 CONTINUE AN
! .
8
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T 1397, FOPY = fQ
S R, ¢
. 1199, RETURN
u 1400. END
R 1401, OOURLE PRECISION FUNCTION FUNCTD(N,XX)
N 1402, ¢
Ca 1403 € FUNCTO IS CALLED WHENEVER THE VALUE OF TME FUNCLION F IS RE (WINED
P 1404, € IN THE NUMERICAL INTEGRATLION PROCESS.
R 1405 . C ThE FUNCTION FUNCTD
‘ 1406, € - KESCALES THE VARIAGLES BY CALLING THE SUBROUTINE VARSCA
' 14C7. € - CALLS THE SUBROUTINE RANGE TO TAKE CARE OF THE CASES WHERE THE
e 140r, ¢ CURRENT POINY X 1S OUTSIDE A GIVEN ADMISSIBLE REGION
’ve 1409+ € - CALLS THE USER-SURPLIES FUNCTION FUNCT TO ACTUALLY CONPUTE THE
;, 1410, ¢ VALUE OF F
o 1411, € - POSSIBLY CALLS THE SUBROUTINE STOOPT T0 UPDATE THE CURRENT
[ Wi ¢ BEST MINIMUM FUNCTION VALUE FOPT AND THE CORRESPONDING
¢ 1. ¢ WINIMIZER XOPT
e 14, ¢ &
- 1415, DOUFLE PRECISION XX .
ol 1616, DOUELE PRECISION §,R,XS ’
e 1617, DOUPLE PRECISION FUNCT :
e 1618, DOUBLE PRECISION X H,DX’sVMVT ,EPS ,VACOR,VCOR 1
ﬁ" 1419. DOUBLE PRECISION XRMIN ARMAX (X OPT', FOPT
e 1420, CORMON /DINCON/ X4 1DD,20) 4H(20),0%(20%,VNV T(20,19) ,EPS(20), ‘
1621, 1 VRCORC20) v CORC20) XRAINCIO0) s XRMAXC 1D D), XOP Y€ 100D ,FOPT, b
1622, 2 FEC20) JISYTC20 4197 JKGEN KT IM,NOTM NTRA I NTRAIR, X
1623, 3 ISEGBR JINKPBR ,KPBROGNCF 4 IFEP , I NHP }
1424 . OIMENS 10N xX(N) b
142¢%. DIMENSION XS5(100) y
IGZb- ( L
1427, 0 1C IX = 1,N ’
1 1428 o XSCIX) = xx€1x) l
1 1429, 16 CONTINUE K
S 1 1430, C .
. 1 1431« € OESCALE X-VARIABLES |
.- 1637, CALL VARSCA(N,XS) :
n,_"_-_‘ 14187, C \
- 1434, € CONSTRAIN THE X-VARIABLES WITHIN BOUNDS ‘
" - 1435. CALL RANGE(N ¢XS yXRRIN,XRMAX 4R) |
& J 1436, ¢ .
r 1437, € COMPUTE THE FUNCTION VALUE...
- . 1438. F o= FUNCTON,XS) o
. 1439, ¢
S 16400 € ooo AND POSSIBLY UPOATE TME BEST CURRENT NINIMUM
- 1441, IFCFLTLFOPTICARL STOOPE (N,XSyF)
X8 1442, FUNCTC = ¢
1 ) Taqt, NCF = NCFeY
- 1444, ¢
L - Teac, RETURN
3
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o 144¢. END
1447, SUEROUTINE RANGE (N XS XRMIN,XRMAX 4R)
1448 ¢
1646, € RANGE JS CALLED BY THg FUNCTION FUNCTO TO TAKE CARE OF YHE C ASES
14", C WHERE THE CURRENT POINT X 1S OUTSIDE A GIVEM ADMISSIBLE REGIOD
1451, 4
1452, DOUBLE PRECISION XS, XRNIN,XRMAX,R
1452, DOUBLE PRECISION A'4BoC o0 ,0LRNANSRMRAX ,RR XC
1454, DIMENSJON XSCN) JXRMINCND JXRRAX (N)
14595 . DATA RMAX /1.03S5/
1056 DATA DLRMAX/B(0.590478235%791599000/
1¢57, C
d n R = 0.00
l1wove D0 4U 1 = 34N
1 1 7. A = Xkmaxdn)
1 1401, C = XRMIN(Y)
1 160, XC = XS(I)
1 LINPR IR 15 (XCeLEaA) 60 YO A0
1 1,64, B = AdA-( o
1 196%. &R = RMAX AR
1 1466 15 (XCalToB) RR = DEXPU(AC-A)*DLRNAX/(B=-A))=-1,00 O
1 b7 R = RORR i
1 1468, ASCI) = XRMAX(I) sl
) 169, 60 70 30 <o
] 16470 10 CONTINUE a
1 1879, 1F(AC.6E.C)60 TO 20 =
! 72, D = CeC-A A
1 w7, RK = RMAX iy
1 4. 16 (XCeET D) RR = DEXPC(C~XC)®DLRMAX/(C-D))-1.00 Lo
e R = RORR ;::
b xS(1) = XRMIN(I) e
. S 7 2r CONTINUE
' fe 3c CONTINUE
%, 4C CONTINUE
”. (
1. KFTURN
. END
3
4 AR
d -
F 1487, INVEGER FUNCTION ITOLCHCFMAX ,FMIN,TOLREL,TOLARS) =
AR X W (4 [ ]
P TwkS . C J710LCH OETERMINES WHETHER TWO QUANTITIES ARE TO BE CONSIDERED NU- 3::
X Pakfe C MERJICALLY EQUAL WITH RESPECT TO AN ABSOLUYE (OR RELAYIVE) DIFFE RENCE e
” ‘_h\t
F 29 - N
L e
{ .
[




1¢87. C CwIYFRIONs wITHIN GIVaN TOLERANCES -

148a, c

1489, DOUEBLE PRECISION FMAXGFMIN,JOLREL, TOLABS w

1450, 4 A

1451, 1S10P = "

1692, € K

1493, C CHECK RELATIVE DEIFFERENCE AGAINST TOLRgL -

16494, IF(DABS (FMAX—FMIN) LE.TOLRELCCDABS (FRIN) SR ABS(FMAX))/2.D0) .2

1495, 1 1STOP=[STOP 1 .

149¢ . < ol

- 1497, C CHECK ABSOLUIE DIFFERENCE AGAINST TOLARS i

" 1498, JFCFMAR=FMIN LLE.TOWABS)ISTOP = 15T0P¢2 ;

R 1499, ITOLCH = ISYOP i
. 1<00. ¢

. 15CY. RE TURN -

h 1502. END

a2

) ot
Lo

;! 150%. SUBRQUTINE INISCA(NGND)
L 1504. 3
- 150%. L INISCA INITIALIZES THE COOMON AREA /SCALE/ FOR THE SCALING D ATA
o 106, ¢
.- 1507, DOUBLE PRECISION DISY,BIASSERAGRALGRA
& 1508 COMMON /SCALE/Z DIST(10,10,20),BIASC10420) ¢ CRAGRAC10,10,20),
1509. 1 6RA(10420) JNGRAC0)LSCALL1OSCA NX,NORD
1510, DATA NAMSCAZ10/
1511, c
1512, SCA = =% ;
151y, LF(N.GTNXNSCA.ORN.EQ.TIRETURN . .
1514, Lsca = @ -
1515. NE N -
1516, NORD = ND -
1517, 10SCA = 1 ;j
y 1518, DO 1 1D = 1,NORD :
¥.o 1 1519. PO 2 IX = 14NX !H
n .
L 2 1520, 0O 3 IV = 1,NX -
o 3 1521, DISTUIN,1Y,10) = 0,00 S
. 3 1522, GRAGRA(IX Iv41D) = 0.00 X
. 3 152, 1 CONTINUE i
:. 2 1524, DISY(IX,1X,ID) = 1.00
2 152%. BIAS(IX,1D0) = Je.00
2 152+, GRACIX,ID) = Q.00
< 1527. ? CONT INUE
: 1 1S2R. NGRACID) = C
A 1 1529. 1 CONTINUE
- 1 1530. ¢
. 1532, END
K 0
v
!
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1532,
‘53‘.
153S.
1536,
1537.
1538.
153g,
1540,
1541,
1547,
1547,
1544«

154¢,
1546.
1547,
1568,
1549.
150,
1551,
1552 .
1557,
1554
155¢,
155¢.

1557.
1558.
1559.
1956C.
1561,
19567,
15¢7.
1564,
156%.,
1566.
1567.
1567,
1569.
1s7C.
,57’.
1572.

~~

[aXal

SUBROUTINE NOSCA
NOSCA DEACTIVATES IHE SCALING

DOUBLE PRECISION DIST BIAS,ERAGRALGRA
COMMON /SCALE/ 01ST(10,10420),81A8¢10,20),6RA6RALI0,1D,20),

1 GRACID,20) ¢y NGRA(Z2ND) yLSCALIDSCANX,NORD
LSCA = -1

RETURN

END

SUBRUOUTINE SEGSCACDD)
SEGSCA  SELECTS THE TRAJgCTORY WHICH MUST BE RESCALED

DOUBLE PKECISION DIST,BIAS,ERAGRA,GRA
COMRON /SCALEZ DISB(10,v0,20),B81AS(10,20), 6RAGRAL10,10420),
1 GRACID 420) ¢ NGHAC2DD yLSCALIDSCANRYyNOKD

10SCA = 1D

HETUKN
END

SUBROUTINE VARSCAC(N,X)
VARSCA COMPUTES THE RESCALED VARJABLE AX + B

DOUBLE PKFCISION X

baUBLE PRECISION X8

bousLEt PRECISION DIST BIAS ,GRAGRALGRA

COMMON /SCALE/ D1SB(10,30,20),b1AS¢10,20),6RAGRA(10,10,20),
1 GRALI020) 4 NGRAC20D 4LSCALIDSCA NXNORD

DIMENSION XIN),,XB(10)

JFULSCALLE OIRETURM
00 1 1 = 1,N
XBC(1) = BIAS(1,)DS5CA)
O 2 4 = 1,N
XB(1) = XB(1M4DISTC(I4J,ID0SCA)OX(D)

31
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1573,
1574,
1575.
1574,
1577.
157,
1579.
1580.

1581.
152,
15483,
1SK4.
1589
186,
1587,
1588,
‘569-
1990,
1°91v,
192,
159,
1994,
1595
1596,
1597,
159R,
199,
1600.
16CY.
160°2.
16Ct.
1604,
1¢0S.

,(06.
1607.
1¢C2.
16C0,
1610,
1611,
1612,
18617,

[N a N oI a1

[l W o

CONT INUE
CONTINUE
00 3 I = 1 N
X(1) = x8(1)
CONT INVUE

RETURN
END

SUEROQUTINE CUMSCA(N,w,DEDX)

CUNSCA  STORES CUMULATED STATLISTICAL DATA ON THE IRL~CONDLITRONI M6 OF
FCAX®B) W R, T, X

DOURLF PRECISION W DFDX
OOUELE PRECISION DFDXMA

DOUGLE PRECISION DEST,BIAS 6RAGRA,GRA

COMMON /SCALE/ D1SV(1)+30+20),61AS(10420), RAGRALT(,10,20),
1 GRACI0,20) s NERACZ20D 4LSCALIDSCA,NX,NORD

DIMENS ION w(N)

OATA OFDAMAZY.D8/

TFCLSCALLE LO)RETURN
IF(OABSCDFOX) . CT.DEOXMNAIRETURN
00 1 I = .M
PO 2 4 = Y ]
6ERAGRA(Y4J,10SCA) = GRAGRACI ), IDSCAIDFDXAMCTI)*DEDN W (J)

CONT INUE
CRACIZ10SCAY = GRACILIDSCAY4DFDX*N(])
CONTINUE
NGRACIDSCA) = NGRACIDSCA)+1
SETURN
END

SUBROUTINE ALTSCA

ACTSCA ACTIVATES THE RESCALING

DOUBLE PRECISION DRST BIAS,CRAGRALGRA
COMMON /SCALE/ DIST(10,30420)4bIAS(10,20), 6RAGRAC(10,10,2Q),
1 GRACIOL20) JNGRAC20) JLSCA LI DS CA(NXLNORD

M a0 e ok A AL AT R I
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1614, IFCLSCALEG,.0)LSCA = 1

1615, <
1616, RETURN
1697, END
1618. SUBROUTINE MOVSCACBU,EM)
1819, 4
1620. € POVSCA MOVES THE <CALINE DATA OF TnE UNPERTURBED CONTINUANION 10 TKE
1621, C POSITION OF THE PERTURBED CONTINUATION
1622, c
1623, DOUBLE PRECISION DISV ,BYAS,GRAGRA,GRA
162‘. CORRON ’SC‘LE' st'(‘o.‘0.20).3]“5(10'20).‘.‘GR“'O.'D.?Q).
1625, 1 GRALLD 220D s NGRALC2D JLSCALIDSCA KX, NORD
1626, C
1627. FFCLSCALLY .O)RETURN
1628, PO 9 1 = 1,NX
1 1629, PO 2 4 = 1,NX
2 1630. DIST(L 4doIU) = DISHUL d,1N)
2 1631, GRAGRA(I1J,1U) = GRAGRA(LI,d,1M)
2 1632. 2 CONT INUE
1 1633, AIASCIIU) = BIASCI,IN)
1 1634, GRACILIVU) = GRALILIN)
1 1635, 1 CONTINUE
1616, NGRACIU) = NGRAC(IN)
1637, <
1638, RETURN
1639, END
e
164G, SUBROUTINE UPDSCACN,X) T
1641, (4 L
1642, C UPDSCA UPDATES YHE SEALING WATRIX A AND THE BIAS VECTODR B BY O
1643, € CALLING EIGSCA AND VARSCA S
16464, C -
1845, OOUBLE PRECISION X
1646, DOUBLE PRECISION AGRAL,ALAY ,ALPHA,ANCOR,BI AST
1647, OOUBLE PRECISION CB,COR,DISTT,SN
3648, OOUBLE PRECISION E£1G6SQA
1649, DOUBLE PRECISION DIST,BIAS,GRAGRA,GRA
1680, COMMON /SCALE/ DISH(10,70420),61A5€10%920), GRAGRALT10,10,20),
1651, 1 ERALI020) ¢ NGRAL207 4 LSCALIDSCASNXyNORD
1652. OIMENSION X(N)
1657, DIMENSION OISYT(10,10),81AST(10),CO0R(10,10)
1654, DATA ALPHA Io.3DOl

o B . . e . oo, RS ERNP PY
- . . . - et a T DRETNERES SN .
Lo e S e sy : PR ILF NP T WSR-S0 AT SRS A
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]6550
1656
1657.
1658,
]659.
1860,
1661,
1662
16613,
1664,
1665,
1666,
'6(,7.
1668,
1869.
1470,
1671,
1672.
1673,
1674,
]675-
a7k,
1677,
1678,
1¢79,.
1680,
1681,
16,827
1687,
1684,
Ibesl
1686,
1687,
1488,
1689.
1690,
1491,
1692«
,69'.
1494,
169S.
169¢.
1697,
16682,
1699,
17GC .
17¢1.
1702,
1701.
1704,
170¢.

v

10

-—
LG RS

TFCLSCALLE L0)JRETURN
ID = 1CSCA
TF(NGRACIDI LT, 2eXeuXIGO0 TO 2
AGHAL = 1.p0/DBLE(PLUATI(NGRACIL)))
AMCOR = 0.00
00 ' 1 = Y.mMX
60 4 J = ‘.Nl
COR(I,J) = AGRALOGRAGRACT U o1D)~AGRAI*GRA(],1D) 2AGRATGRA (4,1D)
AMCOR = URAXTC(ANCOR,0ABS (CORCT ,J)))
LOMNT INUE
COMTINUE
1F(ARCOR.LE«GD0ALO TO 32
DO 1T I = 1,NX
DG 1t 4 = V1,NK
CORC1,4) = CCRUT JI/IANCOR
CONT INUE
CONTINUE
ALAY = EIGSCA(CLOR)
€D = ALAYS (1.DO*ALPHA)
DO S I = 1 ,NX
(OR(I,1) = CORC1,1)~CD
PIASTCI) & x(])
CONTINUE
CALL VARSCA(NX BJAST)
SN = 0.00
00 € I = 1,NX
DO 7 4 = 1,MNX
0ISTILL WJ) = 04,00
00 B X = 1,NN
DISTTCI ,4) = OISTT(L,J)-DISTC(I KodD)*CORCK 44)
CONTINUE
SN = SN*DISTT(] ,d)ae?
CONT INUE
CONTINUE
SN = 1.00/70SQRT (SN/DBLECFLOATINX)))
DO 9 I = 1.,NX
BIAS(1,1D) = GIASTC(IN
¢0 10 J = 1 ,N
CIST(I 4d,1D0) = SNepISTT(1,J)
BIASCI W10) = BIAS(14ID)-DISY(1,4,10) ax(J)
GRAGRA(Y,441p) = 0,00
CONT INUE
CRACLILID) = 0..0Q
CONT INUE
NGRAC(ID) =
CONT INUE
CONTINVE

FETURNM
END
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1706, DOUPLE PRECISION FUNCTION £1GSCA(COR)

17D7 . [
1708, € FE1GSCA COMPUTES THE LARGEST gIGENVALUE OF A MATRIX USED FOR RES (A~
1709, € LING, STARVING FROM™ A RANDOMLY~CHOSEN ESTIMAYE (OBYAINED BY CALLING
1710. C THE SUBROUTINE UNITRV ) OF THE CORRESPONDING FIGENMECTOR
1711, C
1712. DOURLE PRECISION (COQOR
1713, POUBLE PRECISION ALAT,ALAT] ,ALATO .
17W. DOUBLE PRECISION PREC SWw,w W =
171, DOUEBLE PRECISION DISTBIAS,6GRAGRA,GRA "
1716. CONRON /JSCALE/ 0151(10.10.20).51ASt10\20).GRAGOA(10.10.20). :!ﬂ
1717. 1 GR‘(lo.Zo).~6RA(20).LSCA.XDSCA.NX-NOHD ;}
171¢. DIMENSION CORCIC,1Q) N
1719, DIMENSION W(10) ,wu10) -
172n. DATA PREC 71.0-37 o
1721, DATA NRMIN /10/
1722 . DATA WRRAX /105/
‘721. C
1724, CALL UNITRVINX,V)
172<. ALAYT = 0.00
1726. 00 1 JR = 14NRMAX
1 1727. ALAT1O = ALAY
] 172¢8., SuW = 0.00
1 1729. DO & IXx = {,NX
2 173r. sW(1X) = C.D0
< 1731, 00 3 JX = 1,NX
3 1732. vullx) = WWCTXISICORCIXN LJIX)aW(JX)
3 1733, 3 CONTIMUE
2 1734, S = Suwenuwllxdeep
2 1725, 2 CONTINUE
1 1736, ALAT = DSORT(Sua)
1 1737. ALATYI = 1.007ALAY
1 1732, !!(IR.GE.NRFIN.AND.ALA11PR£C.GY.oABS(ALA!-ALAlO))GO 70 &
1 1739, 00 5 IX = 1,NX
2 174C. WlIX) = WwW(IX)aALAYI
¢ 1741, S COMNTINUE
] 1742, 1 CONTINUE
1743, 4 CONTINUE
1744, E16SCA = ALAY
174%. C
174¢ . RETURN
1747, END
1742, POULLE PRECISION FUNCTION CHADSC(INIZ)
1749, C
175n. C CHADS GENERATES A gamDO™ SANPLE FROM™ ONE OUT OF FDUR POSSIBLE
1751, C PROBABILITY DISTRIGUTIONS USING RANDON NUMBERS UNIFORMLY
1752. C DISTRIBUTED IN €0,1) GENERATED BY THE FUNCTION UN1FRD
175%. C
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1754, € INI2Z 1S AN INPUT PAgAmETYER AS FOLLOWS

175, ¢

1756, < IN12>0 INITIALIZATION WITH SEED IN1Z.

1757, C INIZ2=0 STANDAGD GAUSSIAN OISTRIBUIION.

1758, c INIZ==1 CAUCHY OISTRIBUTION.

1759, C INTZ2-2 UNIFORW BISTRIPUTION IN (-1,413,

1760. ¢ OTHMEAWISE UNIFORM DISTRIBUTION IN ¢ O,¢1),

1761, c

176>, DOUBLE PRECISION UNIFRDPAL A,E

1767, C

1764, DATA PAIZ3.14159246535897932400/

1765, 1

1766. IFCINIZ JLE.Q) 60 1O 10 ]

17¢7. 4 J

1760, € INITIALIZATION. <

1769, C 4

1770. CHAOS = yNIFRD(IN12) g

1771 RETUKN

1772. C

17?77, 10 CONTINyE :

1774, A =z UNIFRD(Q) :

177<. IFLINIZ.NELD) 6O FQ 20 ,

1776, 8 = UNJIFRD (D)

17777, C j

1778, C GAUSSIAN RANDOM NUMBER BY POLAR METHOD

1779, 4

1780, CHADS = DSQRT(~-2.D0*DLOG(A))I*DCOSCPAL#B) ‘

1781. C ]

1782, RETURN ]

1787, 20 CONTLINUE ]

1784, t

1787, C UNIFORM RANDOM NURMBER AN (0,1)

1786. c .

1787. CHAOS = A ]

178R. < X

1789, C CAUCHY RANDOM NUMBER BY INVERSE TRANSFORMATION

'79"0 C .

1791. IFCINIZLEQ (=1)) CHAOS = OSIN(PAI®ADJDCOS(PAL®A) ;

1792. c .

179, C UNIFORM RANDOM NUMBER IN (=9,+1) |

1794, c

1795. IFCINIZoEQ.(=2)) CHAOS = 2,00¢A=1.00 y

1796. c i

1797, RETURN i

1799, END 1
4
!
{

1799. DOUBLE PRECISION FUNCTION UNIFRDCINEZ) |

18GC. c !

1807Y. C UNIFAD GENERATES THE RANOOM NUMBERS UNIFORMLY DISTRIBUTED JIN (O, 1)
1802. C EYPLOITING THOSE GENERATED BY ALKNUT WITH A FURTHER RANDORIZAT ON

36
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1f THE INPUY PARARETER 1IN3Z 1S NOT O
THE RANDOM NUMBER GENERATOR 1S WNITIAQZED

DOVEBLE PRECISION A/yB,€,X
DOUBLE PHECISION XD ,P,PD,P1,P2,R1,R2
OOUELE PRECISION [NV

DIMENSION X(61)

DATA NREM/614 ,wR1P 7100/

DATA A,B, ("1.500.5.5.0."2.000’
DATA FINV/3,50-52

DATA 1REM0/

DATA PO/3e00/,P14P2721e00,3e007 R14R2/0e2500,0.7500/

IFCINIZNE LD ORIREN.EQ.D) 60 10 10

10 = IREM
X0 = 1¢10)

NONLINEARIZATION OF X0 TO AVOID LONG-DIgyANCE
IFCNQ.GE.FINV)XD = DNODEY ,DD/X0y1.00)
UPDATE A COMPONENT OF aHg VECTOR X .,
CALL ALKNUT(NREN X IREN)
eee AND FURTHER RANDOMBZE
UNIFRD = DMOD(XOeXLI0),1.00)
RETURN
INITIALIZAYION OF THE RANDOM NUMBER CENERATOR
1C  CONTINUE

P = PO-1.00/0BLE(FLOATCYABSUINIZ)I+100.0)
D0 2) K = Y, MREM

P x CoPs(pepsn)
x(k) = g¥¢(u2=-RV)s(P=-PY)I(P2-P1)
riy CONTINUE
IREM =
80 30 &k = I.NgrlP
CALL ALKNUT(NREMN X, IREN)
30 CONTINUE

UNIFRD = X(1)
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1860.
18¢1 -

1Re2
186 %,
1864,
186S.
Tage,
1867,
1868,
1”60-
LKA
1871,
1877 .
187%.
12874,
1875.
1876 .
1877,
187% ,
1879,
1387
1882,
188",
1884,
123%,
1886,
1887,
1868,
1889,
1590,
1RGY,
1892,

1+67,
1294,
129,
18G4
'2'975
1898,
1869,
196GC.

ol al o N o Wal oW oW ol

~

(2

2N alalal

WETURN
END

SUEROUTINE ALKNUTONREM (X ,JREM)

UPDATES THE COMPONENTY IRegM OF THE NREM-VECTOR yx wiTH A RANDQM NUPpBER

UNLIFORPLY DISTKIBUTFOD IN
Of MITCHELL-MOORE, "ODILF!

w it e i s ek g sad okt et Uil A Wl M Pl A T T T T T T st e

. S

€0,1) BY MEANS OF THE ALGORITHM
ED AS SUGGESTED BY BRENT, QUDTED 1IN

Dot «KNUTHe THE ART OF COMPUTER PROGRAMMING, SECOND ¢OITION,
SECOND yOLUME, SEMINUMGRICAL ALGORITHAS, ADDISON-VESLEY

PUB. CO., READING (1981),
DOUBLE PRECISION X
DIMENSION X(NREM)

DATA M1,M2/24 55/

PP, 26'28.

IFCIREMJNELO) 60 TO 10

IRE™ = NREM
17 = NREM=-NI
12 = NRER=N2

10 CONVINyYyE

xCIREm) = DMODEX(IV)ox(y2),1.00)

IREM = 1eMOD(IREM,NREN)

11 = 1+MODC(IT1,NREM)
12 = 1eMOD (12 ,NREM)
RETURN

END

SUBROUTINE GAUSRV(N,w)

GENERATES A RANDOM VECTIOR
NCkmAL DISTRIBUTION

SAMPLE FROM AN N-D1R ENSIONAL

ooURLE PRECISION wedeV,R
DOUEKLE PHECISION CHADS ‘

8
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3.~ APPLICAZIONE DELL'ALGORITMO ALL'ANALISI CONFORMAZIONALE

L'algoritmo Jescritto nel paragrafo 2 €& stato concepi-
to un uso del tutto generale.

Per lo studio delle posizioni di equilibrio delle mo-
lecole nel caso di geometria di valenza rigida, la funzio-

ne da minimizzare €& l'energia conformazionale

E(¢) = E( 01 - ¢m)

in cuil gli argomenti ol...am sono gli angoli di torsione
liber1i.

Il calcolo effettivo di E(¢ ) viene effettuato come se-
gue.

Datli gli angoli ¢ ...om si calcola direttamente il

1
contributo torsionale alla energia E(¢ ), le coordinate car-

tesiane degli atomi e successivamente i potenziali elettrostatici

e quelli di Lennard-Jones tra coppie di atomi non legati nel-
la conformazione in oggetto. La energia E(.g ) & ottenuta
come somma delle energie torsionale, elettrostatica e di
Lennard-Jones.

Nella Figura 1 & descritto schematicamente il diagramma
di1 flusso relativo agli algoritmi di calcolo.

Come esempio di applicazione del nuovo algoritmo, consi
deriamo 11 frammento (Jdi DNA) d1 desossiribosio-monofosfato mostrato
in Figura 2, che nel seguito indicheremo con la sigla SPS
(Sugar-Phosphate-Sugar). Per questo frammento Matsuoka, Tosi
e Clement1 calcolarono, con un metodo quantomeccanico ab-ini
t10(4..5 " le energie d1 cento conformazioni ottenute varian-

do qli angoii1 d1 rotazione interna ¢, ¢, a, 8, Y, e man

.~‘ 7-
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Una singola prova é arrestata (al termine di un perio-
do di osservazione, e dopo aver eliminato la traiettoria peg
giore) se tutti 1 valori finali della f nelle rimanenti
traiettorie risultano - entro tolleranze numeriche, ed even-
tualmente in punti finali diversi - uguali tra loro (arresto
"uniforme").

La prova € in ogni caso arrestata, alla fine di un pe-
riodo di osservazione, se si & raggiunto un dato numero mas-
simo di periodi di osservazione.

La prova & considerata un successo soltanto nel caso
di un arresto uniforme su un valore finale che sia (numerica
mente) ugquale al piu basso valore trovato per f dall'inizio
dell’'algoritmo.

Le prove sono ripetute cambiando i valori di alcuni pa-
rametri, e l'intero algoritmo & arrestato, al termine di una
prova, se si raggiunge un dato numero di arresti uniformi
tutti al livello del migliore valore di f trovato, o in ogni
caso se si raggiunge un dato numero massimo di prove.

L'algoritmo considera di aver trovato il minimo globale
se si € avuto almeno un arresto uniforme al livello del mi-

gliore valore trovato per f.




in cui hk @ la lunghezza del passo di integrazione temporale,

= h_+ + + oo+ , sono due vettori aleatori in
B TP * Pt hy P17 Ik © %

n-dimensioni scelti il primo da una distribuzione uniforme

sulla sfera unitaria e il secondo da una distribuzione gaus-

siana standard, e ﬁk € una approssimazione a differenze fi-

PP R TR )

nite della derivata direzionale nella direzione r

k
L'algoritmo considera un numero fisso di traiettorie

generate dalla (2), che si sviluppano (simultaneamente ma

indipendentemente una dall'altra), a partire dalle stesse

D s e

condizioni iniziali, durante un "periodo di osservazione"

e e =

T . CRPrprrymrews  F e

in cui il coefficiente di rumore di ogni traiettoria € mante
nuto costante, mentre hk e 11 passo Axk usato per calcola-
re ﬁk sono aggiustati automaticamente per ciascuna traietto-
ria.

Al termine di ogni periodo di osservazione le traietto-

rie sono confrontate, una di esse viene scartata, tutte le

altre continuano imperturbate nel periodo di osservazione )
seguente, e una di esse é prescelta per dare luogo a una "di

ramazione", e cioé a una seconda continuazione della stessa

%

r

traiettoria, che differisce dalla prima solo per i valori

[

iniziali di ¢ e Ax, ma che si considera avere la stessa

PR

"storia passata" della prima.
I1 numero totale di traiettorie simultanee rimane per-

c1d invariato, e la seconda continuazione prende - dal punto

di vista del programma di calcolo - il posto della traietto-
ria scartata.

L'insieme delle tralettorie simultanee & considerato
come una singola "prova", e l'algoritmo completo € un insie

me di1 prove ripetute.




L'equazione (1) si pud considerare come caso limite del

l'equazione (del 2° ordine) di Langevin, quando si trascura
11 termine inerziale.

L'uso dell'equazione (1) & suggerito dal comportamento
per t molto grande, del processo aleatorio x(t) soluzione
dell'equazione (1) con ¢ costante, a partire da un punto
iniziale X,: si1 ha infatti che - sono ipotesi molto poco re-
strittive sulla funzione f - la densitda di probabilita di
x(t) all'istante t tende , per t —™> » , a una densita di

probabilitd limite

indipendentemente dal punto iniziale x, (A & una costante
di normalizzazione), che risulta tanto pii concentrata intor
no ai minimi globali di f quanto minore € ¢ , fino a diven-
tare, nel limite per e —> 0, una somma pesata di delta
di Dirac centrate sui minimi globali (p. es. in una dimensio
ne (N = 1) se f(x) ha due minimi globali a e b la densita

p(x) tende, per ¢ —> O, alla densita

y §(x - a) + (1 -y ) &s(x - b)

ove vy = (1 +/B7a)- essendo a = f"(a) > 0Oe B8 = f"(b)> 0).

Dato 11 punto 1iniziale x_e la discretizzazione usata per

la (1) ha la forma

(2) Xk4) = X -~ By £ + el )/ hy U, k =0,1,2,...
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2.- DESCRIZIONE DELL'ALGORITMO PER LA RICERCA DEL MINIMO
GLOBALE

L'algoritmo di minimizzazione globale adottato, che si
basa sul metodo proposto da F. Aluffi-Pentini, V. Parisi, e
F. Z2irilli in [1], & descritto in dettaglio in [ 2§, mentre la
sua traduzione in un insieme di sotu¥mogranm.FORnU¥§;n [3].

Il metodo ricerca un punto di minimo globale .di una fun

zione f(x) = f(xl, X ceey xn) di n variabili reali, seguen

2’
do le traiettorie generate da una opportuna discretizzazione

numerica dell'equazione differenziale stocastica.

(1) dx = - v£ dt + € dw

l[a partire da una condizione iniziale x(0) = x, ] essendo
vf il gradiente di f(x), w(t) un processo stocastico di Wie
ner standardizzato a n dimensioni, e € un coefficiente posi
tive ("coefficiente di rumore") che consideriamo variabile
nel tempo.

L'equazione (1) - generalmente considerata con ¢ co-
stante - €& nota come equazione di Smoluchowski e Kramers,
ed & usata p. es. nello studio della diffusione degli atomi
nei cristalli, o nello studio di certe reazioni chimiche.

In gqueste applicazioni l'equazione (1) rappresenta una
diffusione attraverso barriere di potenziale sotto l'azione
di una forza aleatoria € dw, essendo f il potenziale e

2kT

€ = , ove k & la costante di Boltzmann, T la tempera-

tura assoluta, e m un coefficiente di massa.




A AEE A U ThAn "R 4e i 4 S S M e Sl Sialt Yl vl S Sul St ah gt A At SR S DM A S T T T T T G EaAE S

potuto colmare tale lacuna grazie all'applicazione di un nuo
vo metodo, ispilrato alla termodinamica statistica, con il
quale il minimo globale €& ottenuto numericamente seguendo
le traiettorie di un sistema di equazioni differenziali sto-
castiche.

Nel paragrafo 2 viene descritto il metodo di minimizza-
zione globale adottato, nel paragrafo 3 il metodo viene ap-
plicato allo studio dell'energia conformazionale delle mole-

cole ed in particolare si considera un esempio; nel paragra-

fo 4 vengono tratte alcune semplici conclusioni.
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prieta di raggiungere un minimo locale, che spesso é il piu
vicino al punto da cui si intraprende la minimizzazione, e
di non poter fornire quindi alcuna garanzia che 1l'energia
della conformazione finale trovata sia la piu bassa possibi-
le per la molecola in questione.

L'unico modo che, in linea di principio, assicura il
raggiungimento del cosiddetto minimo globale & l'esplorazio-
ne "a tappeto" dell'iperspazio conformazionale: una possibi-
lita puramente teorica, in gquanto il numero di valutazioni
della funzione E(Xx ) che dovrebbero essere eseguiti richiede
rebbe tempi di calcolo proibitivamente elevati.

Questo discorso vale anche se si mantiene rigida la geo
metria di valenza (lunghezze di legame ed angoli di valenza
costanti) e ci si limita all'esplorazione del sottospazio
torsionale: si consideri ad esempio che, per una molecola
nella quale l'energia E(x) dipende da cinque angoli di rota-
zlone interna una esplorazione sufficientemente accurata da
poter sperare di trovare tutti 1 possibili minimi richiede
che l'energia sia calcolata ad intervalli angolari di al piu
15° per ogni legame ruotato: questo comporta il calcolo del-
l'energia in circa 8 x lO6 punti dell'iperspazio conforma-
zlionale. Se gli atomi contenuti nella molecola sono qualche
decina 11 numero di valutazioni di funzioni di E, ed i tem-
pi di1 calcolo, anche su elaboratori (scalari) di notevole
potenza, sono proibitivi. La conclusione che ne consegue
€ che non é possibile trovare in modo diretto il minimo glo-
bale delle funzioni di energia potenziale intramolecolare.

Come verra mostrato in questa comunicazione, abbiamo
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- 1.- INTRODUZIONE

i Uno dei problemi pid importanti nello studio teorico
:f‘ delle proprietda molecolari & costituito dalla ricerca delle
. strutture pid stabili di una molecola. Tali strutture corri-
- spondono ai punti dell'iperspazio conformazionale, definito
!! dal vettore delle coordinate interne §_E(xl, A NRRRY X3N—6)
(dove N & il numero di atomi contenuti nella molecola), nei
quali l'energia potenziale intramolecolare E(x) €& minima.
'3 Tutti questi punti sono caratterizzati dall'annullamento del
le derivate parziali prime d4i E, e dal fatto che la matrice
delle derivate parziali seconde sia una matrice non negativa;
detta matrice determina, attraverso la legge di distribuzio-
ne di Boltzmann, la popolazione degli stati conformaziona-
li intorno al minimo.

Tra i vari minimi della funzione E(X) nell'iperspazio

n conformazionale & di maggiore interesse in chimica o biolo-
:g gia il minimo o i minimi globali cioé& i punti x* tali che .
‘& per ogni x sia: ;
| 3 E(x*) £ E(X) »
;_ Data l'elevata complessita del problema, la ricerca dei
:l minimi globali della funzione di energia potenziale non pud d
: essere eseguita per via analitica e richiede 1l'impiego di T
ii procedimenti numerici. Esistono numerosi programmi di calco- z
EE lo per la minimizzazione di funzioni; ma, indipendentemente
i ) dalle loro caratteristiche peculiari e dalle condizioni ot-

timali di applicabilita, essi sono contraddistinti dalla pro-
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=l Ricerca di conformazioni di minima energia potenziale

intramolecolare mediante un nuovo metodo di minimizzazione globale

. . 1
Camillo Tosi, Raffaella Pavani, Roberto Fusco( )

Istituto Guido Donegani s.p.a., Via G. Fauser, 4, 28100 Novara

Filippo Aluffi-Pentini(z)

Lt L

Dipartimento di Matematica, Universita di Bari, 70125 Bari
) N

Valerio Parlsl( )
Dipartimento di Fisica, 11 Universita di Roma (Tor Vergata),
00173 Roma

.. .(2)

Francesco Z2irilli

Istituto di Matematica, Universitda di Salerno, 84100 Salerno
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(1) Lavoro realizzato con 1l contributo del progetto fina-

L? lizzato del CNR Chimica Fine e Secondaria, contratto
E n. 83.00437.95. I
E& (2) Lavoro realizzato con il contributo del Governo degli X
b . Stati Uniti attraverso l'European Research Office della i
A U.S. Army, contratto n. DAJA-37-84-C-0740. !
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APPENDIX A7

Ricerca di conformazioni di minima energia potenziale intramo-
lecnlare mediante un nuovo metodo di minimizzazione glcbale
(Search for minimum-intramolecular-potential patterns by means
~f 2 new method for global minimization)

by C. Tosi, R. Pavani, R. Fusco, F. Aluffi-Pentini, V. Parisi,

F. Zirilli
(to appear (in italian) in Rendiconti dell'Accademia Nazionale

dei Lincei).
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ﬁi: #FINGS ACM/ALFILESAMPLETP§S 1L ESANPLE
FIN YOR1A 022127185-22:02(€G,)
a® 1e C
2. C  MAIN PROGRAR (SAMPLE VYgRSION)
T, C CALLS SIGMA VIA THE DRIVER SUBROUTINE SIGMAt
‘. c iy
<. COURLE PRECISION XU, XMIN,FMIN
e, ¢
7. CIMENSION X0(2) ,xuEN(29
PI c
Q, C TEST PROULEM DAYA
1P, 4
1. C PRUBLEM DIMENSIgy
1. N o= 2
11. (
14, C INITIAL POINY
1<, ¥0¢1) = Q.00
1, X0(2) = 000
17. C
19, C SET INPUT PARAMETERS
. 1c. MSUC = 3
P - RIS IPRINT = O
9 2. <
S 22, C CALL ORIVER SUbRQUTINE SyGmAa?
. 2% CALL SIGMATON X0 MSUC,IPRINT ,XMIN, FMINSNFE V,10UT)
— " 2he C
’ 2%, STOP
o 2k, END

27. DOUELE PRECISION FUNCTION FUNCT (N,X)

2%, ¢

29. C CCHPUTES THE VALUE AT X OF THE SIX-HUMP CAMEL FUNCTYON .

e, C

i1, COUPLE PRECISION XouXX,¥Y
g 37, DIMENS 10N X(N)
- 1T, XX = X(1)ax(1)
p - T4, YYo= x(2)ex(2)
;l %, FUNCT = €UXX/3.00~2,100)0XX 44,000 xX*+XCT)e X(2)
9 LY * *6 009 (YY-1,00)sYY
b 7. RETURW

e, tND
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57 <STOP

58,

So, END

Q. BOURLE PRECISION FUNCTION FUNCTI(N,X)

61

62. COMPUTES THE FUNCTION VALUES OF TEST-PROBLEMN NPROB

63, BY CALLING THE SUBROUTINE EGLONTF .

6‘.

65 ODOUBLE PRECISION X

- DOUBLE PRECISION ¥

67. DIMENS ION X(N)

6P .

69. COMMON /JTUN/ NPROE

70-

71, CALL GLOMYFUNPROE N X+¥)

72. FUNCY = ¢

7‘.

T4 RETURN

75. END
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OFTINGS ACM/A FILETEST TPFS FILEVEST
tYN 10R9A 02212/85-22:02¢0,)

1. C
2. C (ALGORITWM SIGMA)
T, C MAIN PROGRAM (TESY VERSION)
‘e € CCALL SIGMA VIA THE DRIVER SIGMAT )
<, s
t. DOUBLE PRECISION FAIN, X0, XMAXGL,XMIN XMINGL
7. 4
”, C COMPON AREA TO PASS TEST-PROBLEM NUMBER NPROB
9. C TO THE FUNCTION FUNCT wHICH WILL COMPUTE
1n. € THE PUNCTION VALUES OF TEST-PROBLEM NPROB
1. C BY CALLING THE TEST-PROBLEM COLLECTION SUBROUT IME GLONTF
12, C
1% COMNON /TUN/ NPRQB
14, C
1. C x0 INITIAL polNd
1€. C xmIN FINAL ¢STINATE OF GLOBAL MINIMUM
17. C XMINGL, XMAXEL MUST GE DIMENSIONED WERE IN ORBER MO CALL
10, C THE PRE-EXISTING SUBROWTINE 6GLOMIP.
19, DIMENS ION xo&tcO).xnxnaioo).xnxnsu(too),xnulst(ioo)
0. C
21e 1 CONTINUg
22 S
2%, C INPUT PROBLEM NymBER
24 WRITEC6,20)
25 2C  FORMAT (/) /171494 1HPUT PROBLEM NUMBER (1 YO 37, 0 = $YOP))
26, READ(S ,30)NPROE 1
27. 3IC FORMAT(12)
i®. MRITE(S ,4DINPROB '
29. 40 FORPAT(///18W PROBLER NUMBER = ,12//2444) .
0. c i
31. C TERMINATE OR CONTINUE
32. 1FINPROB.EQR.0X60 TO 50 %
i3. [ .
34, C CALL GLOMIP 70 GEY PROBLEM OIMENSIOM N AND INYTIAL POINT X0 {
15. C NOTE THAT GLOWIP RETURNS ALSO THE BOUNDARIES XNINGL , XMANGL 3
38, C OF THE OBSERVAYION REGION (NOT NEEDED MERE) ]
7. CALL GLOMIPUNPROB:NoXQoXMINGL,AMAXNGL) .
ig, C
319, C SET  NSUC SO AS TO NAVE GOOD CHANCES, WITHOUY PROMIBI TIVE
40, C COMPUTATIONAL EFFORY )
41, NSUC = 5 ]
L2, < .
6T, C SET IPRINT SO AS TQ HAVE A RODERATE QUTPUT :
ah, IPRINT = Q .
ﬁ‘o [4 i
46, € CALL DRIVER SUBROUTINE SIGMA? i
47 CALL SIGMAT(N X0 NSUC,IPRINY JXNIN, 6MIN,NFE yo1041) j
2. < ‘
49, € GO Y0 THE NEXY PROBLEN
S0. GO 10 10
9% C
524 € END OF TEST PROBLEMS
57, SO CONTINUE
LB 56, WRITEC(S,60)
;’ $S . 60 FORMATC/22H END OF TEST PROBLEMNS /)
L
)-'_,‘
b"‘_-’
oo
- - a0
| J
['~
N
L
p.* -
e e e e . . . N ) A
T . LI DR e R L R .




e el s i e & GRACEL & m e de B S D Jnwt A tieab A I ST

1901, DIMENSION W(N)

190°2. 4
19G*. NN = (N®1)/2
1904, C
1905. DO 20 1 = 14hy
) 19C6 . 11 = 1en=-1
1 1907. 4
1 1908. 30 CONFINUE
1 1909, X = CHAOS(=2)
] 191p. ¥ = CHAQS ¢-2)
] 1911, Rz XaXevey
1 1912. 4
1 1917, 16(Re67+1.00) 60 TO 90
1 1914, C
1 1915, R = DsART(~2.00#D 0G6LRI/R)
1 1916. ¢
1 1917. w(1) = xep
1 1918, H(11) = YeaRr
1 1 1999, €
| 1 192p« 2¢C CONTINUE
| 1 1921, C
; 1922. RETURN
| 192z, END
|
|
1924, SUBROUTINE UNITRVIN,¥)
1925. (4
1926. C GENERATES A RANDOM VECTOR UNIFORMLY DISTRIBUTESD
1927. C ON THE UNIT SPHERE,
1927, c
1929. DOUPRLE PRECISION W, WW
1930. ¢
1931. DIMENS JON W(N)
1932. C
1933, CALL GAUSRVIN, M)
1934 . wW = 0,00
1935. (4
193¢ 0 10 1 = 1N
] 1937, Vu = WWeWI)en?
1 1938. 10 CONTINUE
1939, WN = 1,D)/70SQRT (W)
1940, C
194%. PO 20 1 = 14N
1 1942. W(l) = WWaW(1)
1 1942, 20 CONTINUE
] 1944, (4
1945, REYURN
1946, END

END FTN 4145 1BANK 3605 OBANK 14797 COMMON
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tenendo la geometria di valenza costante (con le lunghezze
di legame e gli angoli di valenza risultanti dalla analisi
cristallografica della citosina—B'-fosfatJ65.Mediante un pro
cedimento di best-fit con tali energie fu trovata una fun-
zione di potenziale (abbreviata TCM dalle iniziali degli au-
tori del rif.[5), costituita da un'espressione di Lennard-Jo
nes per le energie di interazione fra atomi non legati e da

un'espressione di Pitzer per le energie torsionali intrinse-

o TIAR> = K . + 3
27 3 Red (1+ cos 3 %),

dove 1 oi sono gli angoli di torsione v,2 , a,% ,e espressi in radian-
ti e dove la somma z'é estesa alle coppie di atomi non le~-
ti e dove si € ass&glzrnulo il contributo elettrostatico.

I valori numerici dei parametri A, B e K° sono riporta
ti nella Tabella 1 del rif.{7. Si osservi che gli ossigeni
del gruppo POZ hanno il coefficiente attrattivo A sensibi’-
mente piu elevato, e il coefficiente repulsivo B sensibilmen
te pid basso, degli altri ossigeni: corrispondentemente tan
to l'ascissa quanto l'ordinata del punto di minimo della cur
va energia-distanza sono nettamente inferiori nel primo caso
che nel secondo 2,04 ; contro 2,72 Z e -10,59 KJmol_l con-
tro -0,61 KJmol-l). C'eé quindi da aspettarsi che il potenzia
le TCM tenda a favorire strutture stabilizzate da legami di
idrogeno i1ntramolecolari. Ed infatti1 l'applicazione del nuo-
vo metodo porta ad un minimo globale , rappresenta-

to in Figura 2 (con ¢ = 176,2°, ¢ = 180,0°, a = 122,1°,
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- l .
-94,0 KJmol ), <caratterizzato da

B =-96,7°,y = 55,6°, E

il

contatti H(C3')...06

o
1,75 A, H(C2')...03 = 1,82 a,
H(C2') ...05' = 2,47 R. Si osservi che un procedimento di ri
. e s 19l
cerca "diretta" dei minimi d4i piu bassa energia aveva porta

to all'individuazione di due conformazioni di bassa energia,

la prima con € = =-75°, ¢ = 180°, a = 70°, 8 = ~-110°,
y = 55°, E = -91,9 KJmol™ e la seconda con € = =-170°,
¢ =180°, & = 115°, B =-100°, ¥ = 55°, E = =-90,4 KJmol™'. Il minimo

globale ottenuto tramite il metodo qui usato costituisce un

guadagno energetico di 3,6 KJmol™!'.
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4 .- CONCLUSIONI

L'uso di un nuovo algoritmo di minimizzazione delle fun
zioni di energla potenziale intramolecolare, la cui concezio
ne si distacca radicalmente da quella dei metodi finora pro-
posti, pone una serie di problemi ai guali solo l'espressio-
ne acqulsita attraverso l'applicazione ad un elevato numero
di casi potra dare una risposta completa. Ci limitiamo qu:
ad indicarne 1 principali.

Data la natura non deterministica del nuovo algoritmo
la probabilita di individuare il minimo globale tende ad 1
al tendere all'infinito del numero di valutazioni della fun-
zione, e, di consegquenza, nel tempo di calcolo necessar:io
alla loro esecuzione. Per tenere conto di guesta peculiari+ad
del programma, € possibile decidere a priori guante vo'l::
si vuole che un lancio finisca nel medesimo minimo prima che
questo possa essere considerato come 1l minimo globale. Quan
to piu elevato & guesto numero, tanto piu la probabilita di
aver trovato 11 minimo globale si avvicina alla certezza.
Nel nostro esempio esso & stato posto uguale a 5.

Un altro punto di notevole importanza € l'accuratezza
ottenibile nella valutazione del punto di minima energia.
Proprio perché il suo scopo essenziale & 1l'individuazione
del punto di minimo globale, il programma non raggiunge il
grado di accuratezza raggiunto da altri metodi di minimizza-
zZzione, rtanto che & opportuno,quando si sia individuato 1l
minimo, applicare un metodo piu rapido di minimizzazione locale,

ad es. un metodo a convergenza quadratica,quale quello di Newtor-Raphson,
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FIGURA 2 - IL framsmento (2 (endo) desosst SPS nella conforsazione
dy @wni1ma eneryia trovata con §l nuovo algoritmo. 1 cerchi
tratteysiatd corrispondono agli atomt di ossigeno e {1l cerchio
prenv all”stomo ai fosforoe. Per masggicre chiarezza gratica, § 18

atost d¥ tdrogenc sono stati omessieo
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